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Abstract

Multiple problems at the intersection of numerical analysis and differential geometry are

explored, especially centered around the idea of understanding smooth manifolds with

special types of discontinuous metrics as differential-geometric structures in their own right.

The frame bundle formalism is used to derive curvature measures of such manifolds from

first principles. Several aspects of the theory of finite element methods for elliptic partial

differential equations on manifolds are explored in depth, with an application that shows

how curvature approximations can also be used in the two-dimensional case to compute

more fine-grained geometric structure numerically. Extrinsic curvatures appear in the

approximation of surface tension forces acting on a fluid, and the numerical approximation

of the relevant geometric quantities in multi-material finite volume codes is investigated.
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Chapter 1

Introduction

At its most basic level, differential geometry is the study of local properties of smooth spaces

which are invariant under some group of transformations. For example, one may consider

spaces which are embedded surfaces in R3, and look for properties of such surfaces that

are invariant under the group of rigid motions x 7→ x0 + Ax for A ∈ SO(3) and x0 ∈ R3.

This is exactly the classical theory of surfaces. One of the most important geometric

properties that a smooth surface S has is whether or not it is flat, that is whether or not

it lies inside a single plane. This is a local property in the sense that it can be verified for

an arbitrarily small neighborhood, and if it is true for each neighborhood then it is true

overall. Classically, there exist functions H and K, defined on S, such that S is flat if

and only if H = K = 0 at every point. These are the mean curvature and the Gaussian

curvature, respectively. Broadly, H measures average bending while K measures internal

deformation.

The well-named Theorema Egregium states that K is invariant under the much larger

set of isometries of S. An isometry of S is a map S → R3 that preserves the length of

every curve in S. Importantly, any data preserved by an isometry is necessarily intrinsic:

it depends only on data internal to the surface itself, and not how that surface is embedded

in R3. The data that an isometry preserves is called the Riemannian metric, g. This is an
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inner product on each tangent space of S that varies smoothly, so that angles and lengths

of tangent vectors (and hence curves) can be measured.

If K = 0 on a simply connected neighborhood U ⊂ S, then there exists a set of

coordinates U → R2 such that, in these coordinates, g is equal to the usual Euclidean

inner product on R2. So, for an observer that lives “inside” S, U is indistinguishable from

Euclidean space itself. If this is true for every neighborhood U ⊆ S, then we say that the

two-dimensional Riemannian manifold (S, g) is (intrinsically) flat. The celebrated theorem

of Riemann states that, for any Riemannian manifold (M, g) (not just of dimension 2),

there exists an easily computable tensor field R defined on M such that M is flat in a

simply connected neighborhood if and only if R = 0 on that neighborhood.

However, in real life and in computer simulation, it is very rare that we can have an

exact representation of a smooth manifold, or even an algebraic variety, that we would like

to apply these concepts to. For example, let M be the surface of a geodesic dome. This

space is clearly not flat; it should be approximately “round” in the same sense that a smooth

dome is round, even though it is made up of flat pieces. This is not a Riemannian manifold

in the classical sense, although it has much more structure than a general pseudomanifold.

One way to approach this issue lies in Alexandrov’s theorem on polyhedra [1], which roughly

states that a polyhedral surface is intrinsically flat in a neighborhood of an interior vertex

if and only if the sum of the interior angles of all the facets meeting that vertex is equal to

2π. More generally, for each vertex p we can define the angle defect,

Θp := 2π −
∑
T∋p

θT (p),

where θT (p) is the interior angle of the triangle T at the vertex p. We can then define a

Gauss curvature measure Kdist :=
∑

p∈M Θpδp, where δp is the Dirac delta measure at p.

This is an intrinsic measure of curvature in the same way that the smooth Gauss curvature

is; in fact, as the mesh size approaches zero, it converges to the smooth Gauss curvature

measure KdA [14, 28].
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Figure 1.1: An example of a geodesic dome which should have Gaussian curvature approxi-

mately equal to the constant function 0.0004m−2 and mean curvature approximately equal

to the constant function 0.02m−1.
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Alexandrov’s Theorem and its generalizations are valid for a class of pseudomanifolds

called Regge manifolds, or alternatively, manifolds with Regge metrics. Intuitively, a Regge

metric g is the type of metric which would be induced on M by a continuous piecewise-

smooth embedding of a smooth manifold M in to another smooth manifold N , where

the pieces decompose M into a simplicial (or more generally polyhedral) complex. This

is a marked difference from smooth Riemannian metrics, because as an internal observer

follows a straight line that crosses a polytope boundary, their velocity vector in M must

be discontinuous, but only in its component that is normal to the boundary. This reflects

the fact that the induced Riemannian metric g is discontinuous, but only in its normal

components. It is this property that we extract to obtain the intrinsic definition of Regge

metrics.

A major portion of this dissertation is devoted to deriving the intrinsic curvature mea-

sure of Regge metrics from first principles. It is already known that the higher-order Gaus-

sian curvature measure on surfaces includes a delta distribution supported on the edges

which is weighted by the jump in geodesic curvature of the edge, and a piecewise-continuous

measure that is simply the usual curvature function evaluated on polytope interiors. For

manifolds of dimension greater than 2, the Riemannian curvature is tensor-valued and

the curvature measure must be a functional which takes tensor fields as input, but it has

largely similar structure. The choice of this curvature functional is justified in [32] mainly

by heuristic arguments and the fact that it converges numerically. The first chapter of this

dissertation is devoted to deriving an expression for the distributional curvature from first

principles that is simple to evaluate and equivalent to known expressions. This is done

by defining, and proving the existence of, a class of discontinuous orthonormal frames for

which a distributionally defined curvature functional satisfies basic tensoriality properties.

Besides simply deriving an expression for the distributional curvature functional, an-

other major question that I attempt to answer is: when solving a metric-dependent PDE

on a manifold with an approximate Regge metric, under what conditions can a finite el-
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ement method converge as the metric converges? How should rates of convergence and

mesh quality be quantified? Because operators such as the Hodge Laplacian (the covariant

generalization of the Laplacian) are intrinsic, finite element methods should also converge

in an intrinsic sense, meaning the rate of convergence should not depend on special coor-

dinates chosen on the manifold. The second chapter is devoted to building the machinery

of Finite Element Exterior Calculus (FEEC) on manifolds equipped with a Regge metric,

including new coordinate-free proofs of the scaled trace and inverse inequalities and new

coordinate-free definitions of mesh regularity.

These two lines of inquiry are united in a single numerical problem. Suppose M is a

compact surface with boundary and trivial homology (so, a topological disc), and let g be

a smooth metric on M . There exists an orthonormal frame on M , which is unique up to

constant rotation, and such that the corresponding connection form α is co-closed. The

connection form associated to this frame can be computed only knowing the values of the

frame on the boundary of M and the geometry of M . Using the Hodge decomposition, it

can be shown that this P.D.E. has a unique smooth solution up to a constant rotation, and

it can be rewritten as a Hodge-Laplace problem on M with source and boundary terms

depending on the curvature. We study this problem in detail and prove a priori error

estimates using the intrinsic machinery developed earlier.

Regge metrics are mainly useful in numerical methods because one can pick finite-

dimensional subspaces that approximate a smooth metric. Regge’s original construc-

tion consisted of piecewise-flat Regge metrics on simplicial complexes, which are an E-

dimensional subset of the space of Regge metrics, where E is the number of edges in the

simplicial complex (as a specification of edge lengths determines a unique piecewise-flat

Regge metric). Such metrics can be thought of as being approximate solutions to a partial

differential equation involving a Riemannian metric as an unknown, such as the Ricci flow,

Calabi flow, and other geometric flows. The fact that Regge metrics have a consistent and

intrinsic curvature tensor is relevant for numerical methods that approximate solutions to
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these equations, and a thorough understanding of the curvature of Regge metrics will be

necessary both to design such numerical methods and to prove their a priori convergence

properties.

Regge metrics appear to be ideally suited for approximating the intrinsic Riemannian

curvatures of piecewise-flat, and more generally piecewise-smooth, hypersurfaces. However,

extrinsic curvatures are also relevant to physical applications. One important application

is in the theory of surface tension and wetting, where mean curvature determines the

magnitude of the surface tension force experienced on the interface between a self-attracting

liquid and a gas or solid. This makes it very relevant for numerical simulations involving

droplets, as surface tension has a strong influence on the shape of small droplets. In

simplified cases, a fluid-gas interface can be tracked with an explicit triangular mesh whose

nodes are directly moved, and this piecewise-flat surface has a genuine surface tension flow

associated to it (see Section 4.2 for a proof). However, in many finite volume multi-material

hydrocodes such as Pacific Islands Structured Arbitrary Lagrangian-Eulerian (PISALE),

it is not possible or even desirable to maintain an accurate mesh representation of the

interface, especially because such a mesh can easily tangle. In this case, the interface must

be reconstructed during each time step as the level set of an indicator function, and it may

fail to even be a continuous surface. Some related work is presented in Chapter 4 on the

implementation of such a numerical scheme in PISALE.

1.1 Outline

This dissertation is split into three chapters, roughly grouped by subject matter and pub-

lication order. Each chapter is split into sections. Chapter 2 develops the theory of the

distributional Riemann curvature tensor from geometric first principles, deriving a new

expression which takes genuinely continuous differential forms as input and providing a

proof of equivalence to existing literature. In Section 2.1, an introduction to the ideas

used in the chapter and some background are given, and a rapid overview of Riemannian
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geometry in the framework of moving frames is included. Section 2.2.1 is a discussion of

the definition of compatible frames, which I argue are the natural generalization of smooth

orthonormal frames to the Regge metric case. The properties of compatible frames are used

systematically to derive two curvature functionals in Section 2.2, one which is explicitly

frame-dependent (2.16) and one which is frame-independent (2.22). Then, using the tech-

nical machinery of blow-ups, a constructive existence proof for compatible frames is given,

making the results of this chapter non-vacuous. Lastly in Section (2.4) the Gauss-Bonnet

theorem is proved for two-dimensional Regge manifolds with corners.

Chapter 3 is about specializing the framework of Geometric Variational Crimes [36]

to prove intrinsic a priori convergence results for the Hodge-Laplace problem on Regge

manifolds, and using this machinery to prove a priori convergence of a numerical scheme to

approximate a co-closed connection form. Section 3.2 provides some background on Sobolev

spaces on Regge manifolds and new intrinsic proofs of core theorems in the theory of finite

element methods, namely the scaled trace inequality and the scaled inverse inequality.

These are stated with no reference to any special coordinates, meaning they can be applied

fruitfully in any coordinate chart without worry about poor bounds due to poor choice of

coordinates (which cannot always be avoided). This leads naturally to new definitions of

shape-regularity and quasi-uniformity for meshes with Regge metrics, which are discussed

in detail. Section 3.3 specializes the framework of geometric variational crimes to the

Regge metric case, and Sections 3.4-3.5 pose and then solve the problem of computing a

uniquely defined connection form based on all the previous results, with a short numerical

demonstration.

Chapter 4 is about approximating surface tension flow in the PISALE application.

After giving a geometrical derivation of the surface tension force in terms of surface energy

in Section 4.2, I describe PISALE and the Continuum Surface Force (CSF) method that

is used in PISALE’s surface tension module.

The remainder of this introduction is devoted to introducing notation and objects that
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are used frequently throughout the document.

1.2 Differential Forms and Exterior Calculus

Here it is useful point out two pieces of notational technology that are used comprehensively

throughout this document. The first is the use of differential forms and exterior calculus.

Before giving precise definitions, some intuition will be provided.

Intuitively, a differential k-form can be understood as “something that can be integrated

over an oriented k-dimensional manifold”. For example, functions are differential 0-forms,

which measure the “volume” of a single point by evaluation. The integrand of the Riemann

integral
∫ b
a f dx can be thought of as the differential 1-form f dx integrated over the 1-

dimensional manifold [a, b], with the orientation induced by the ordering. As with Riemann

integration, smooth differential forms satisfy a change of variables formula:
∫
f(M) α =∫

M f∗α, where f : M → N is a smooth embedding and f∗α is the pullback of α by f ,

which generalizes taking the determinant of the Jacobian map of f .

In a more complex example, consider the surface integral
∫
S V · n⃗SdS, where S ⊂ R3 is

a C1 surface with outward-pointing normal vector n⃗S and V is a vector field defined on R3.

The form V · n⃗SdS is a 2-form defined only on S, but it is actually identical to the form

i∗Sα, where α(X,Y ) = V · (X × Y ). α itself is defined independently of S, and i∗Sα is the

pullback by the inclusion map iS : S ↪→ R3, essentially restricting α to S. The fact that

V · n⃗dS actually corresponds to an object that exists on all of R3 helps greatly in gaining

insight to the divergence theorem.

Formally, a k-form α defined on a manifold M is the data, at each point x ∈M , of an

alternating multilinear map TxM × · · · × TxM → R, where TxM is the tangent space of

M at x. Here “alternating” means that when any adjacent pair Vi, Vi+1 of input vectors

are swapped, the output changes sign. An alternative way to phrase this is that α is a

section of the alternating k-covector bundle, defined as Λk(M) := {(x, F ) : x ∈ M,F ∈

Alt(
⊗k T ∗

xM)}. Usually, but not always, we will require that α is at least continuous. The
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value α|x(V1, . . . , Vk) can be thought of intuitively as the oriented k-dimensional volume,

as defined by α|x, of the infinitesimal parallelepiped spanned by the vectors V1, . . . , Vk in

TxM . A differential form α is a differential k-form for some value of k; the degree deg(α)

is equal to k. The space of smooth differential k-forms on M is a C∞(M)-module denoted

by C∞Ωk(M). The pullback of α ∈ C∞Ωk(N) by a map f : M → N is formally defined

by f∗α(V1, . . . , Vk) = α(df(V1), . . . , df(Vk)), where df is the Jacobian map of f .

The wedge product of a k-form α and a j-form β is a (k + j)-form α ∧ β, defined by

(α ∧ β)(V1, . . . , Vk+j) :=
1

k!j!

∑
σ∈Sk+j

sgn(σ)α(Vσ(1), . . . , Vσ(k))β(Vσ(k+1), . . . , Vσ(k+j)),

where Sk+j is the set of permutations of the set {1, 2, . . . , k + j}, and sgn(σ) is 1 if the

permutation is even (meaning it decomposes into an even number of transpositions) and

−1 if it is odd. This product is chosen so that it is associative and satisfies β ∧ α =

(−1)deg(α) deg(β)α ∧ β. Additionally, if α1, . . . , αk are one-forms, then

(α1 ∧ · · · ∧ αk)(X1, . . . , Xk) =
∑
σ∈Sk

sgn(σ)

k∏
i=1

αi(Xσ(i)) = det(
[
αi(Xj)

]
).

It is often helpful to think of differential forms as taking values in a vector space, or even

in a vector bundle. IfW is a vector space or a vector bundle, C∞Ωk(M ;W ) will be used to

denote the space W ⊗RC
∞Ωk(M) if W is a vector space or Γ(W )⊗C∞(M)C

∞Ωk(M) if W

is a vector bundle overM , with Γ(W ) denoting the space of sections ofW . Operations such

as the pullback and wedge product implicitly operate on the ‘form part’ of a vector-valued

or bundle-valued form (for vector-valued forms, the exterior derivative is also defined in

this way).

By picking a smooth coordinate system (x1, . . . , xn) in a neighborhood, we get a basis

of 1-forms (dx1, . . . , dxn) defined by dxi(ej) = δij , where δ is the Kronecker symbol. Any

smooth differential k-form α can be written as

∑
1≤i1<i2<···<ik≤n

αi1i2...ikdx
i1 ∧ · · · ∧ dxik ,
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Where each coefficient αi1i2...ik = α( ∂
∂xi1

, . . . , ∂
∂xik

) is a smooth function.

The summation signs and indexing above can become unwieldy in high-dimensional

tensor calculus, motivating a second piece of notational technology. A multi-index is a

strictly increasing sequence of numbers I = (i1, . . . , ik), where 1 ≤ i1 and ik ≤ n. The

order of a multi-index is its length, and is written |I|. If (α1, . . . , αn) is a basis of one-forms,

then we define αI := αi1 ∧ · · · ∧αik . The forms {αI |x}|I|=k form a basis for Λk
x(M) at each

x ∈M .

In Einstein convention, elements of TxM and tensor products thereof (contravariant

tensors) are enumerated with lower indices, while elements of the corresponding dual space

(covariant tensors) are enumerated with upper indices. The coefficients of a contravariant

tensor expressed in some basis have upper indices, while the coefficients of a covariant tensor

expressed in some basis have lower indices. This reflects how the coefficients change when a

change of basis is applied; for instance, when changing from the covariant basis (e1, . . . , en)

to (ê1, . . . , ên) = (
∑

j M
j
1ej , . . . ,

∑
j M

j
nej), the coefficients of a vector V =

∑
k V

kek change

to V̂ k =
∑

j V
j(M−1)kj , so that

∑
k V

kek = V =
∑

k V̂
kêk.

A profound insight of Einstein is that, for any operation that does not depend on a

metric, any pairing must be between contravariant and covariant parts of tensors, which

will always correspond to pairing an upper index with a lower index. So, when writing the

summations above, we can simply drop the summation symbols, and say that any instance

of a lower index matching an upper index will mean there is an implicit summation. Any

other type of summation must be explicit. In the case of multi-indices, the degree of the

multi-indices to sum over must be implicitly known.

So, when α is a differential k-form, we will simply write its coordinate expansion as

α = αIdx
I .

In R3, the exterior derivative unifies the gradient, curl, and divergence operators, at the

same time giving them coordinate-independent meaning. Given a C1 differential k-form, it

produces a differential (k+1)-form according to the following definition: if f is a function
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and α, β are forms of arbitrary degree, then

df :=
∂f

∂xi
dxi,

d(α ∧ β) := dα ∧ β + (−1)deg(α)α ∧ dβ.

There are three properties of the exterior derivative that are used comprehensively, but

will not be proved here (see [20, 25]). Firstly, it is independent of coordinates, and thus

represents a genuine operation on differential forms themselves. Secondly, d(dα) = 0 for

any twice differentiable differential form α, essentially because mixed partial derivatives

commute. Lastly, a vast generalization of the usual integration by parts theorems in vector

calculus can be proved for differential forms:

∫
M
dα =

∫
∂M

i∗∂Mα.

Here M is a n-dimensional manifold with (smooth) boundary denoted by ∂M , and α is a

smooth differential (n−1)-form defined onM . In fact, a generalization for nonsmooth forms

and manifolds with more complicated boundaries is used throughout this dissertation; this

is explained in detail in the next section.

1.3 Polyhedral Manifolds, Meshes, and Regge Metrics

In classical differential geometry, the metrics and frames in question are always smooth.

However, this paper is concerned with Regge metrics, which are only piecewise smooth

with respect to a mesh. In this section we will precisely define much of the terminology of

meshes and Regge metrics that is used throughout the rest of the paper.

M will be assumed to be a smooth, oriented, polyhedral n-manifold (the precise defi-

nition of a polyhedral manifold comes later in this section). We will also assume that M

is parallelizable, with the idea in mind that more topologically complicated manifolds can

be obtained by gluing together finitely many parallelizable ones; for instance a sphere can
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be obtained by gluing together two disks. M is equipped with a countable mesh T = {∆}

whose union is M , where each set ∆ ⊂ M is the image of a closed (n − d)-dimensional

convex polytope ∆̂ ⊂ Rn−d under a smooth embedding for some d ≤ n. If d = 0, then the

embedding must in addition be positively oriented. We will abuse terminology and call

each ∆ a polytope, even though it is technically the image of a polytope under a smooth

embedding.

The different types of polytope are distinguished by their codimension in M ; polytopes

of codimension 0 will be labeled T , polytopes of codimension 1 will be labeled e, and

polytopes of codimension 2 will be labeled p. Polytopes of arbitrary codimension will

simply be labeled ∆d, where d is the codimension, so a polytope labeled ∆n is a single

point, a polytope labeled ∆n−1 is a smooth curve, and so on. The relative interior of a

polytope ∆d, meaning the set of all points x ∈ ∆d such that there exists an open set U

containing x and U ∩∆d
∼= Rn−d, will be denoted ∆̊d.

The mesh must satisfy some axioms. Each face of a polytope in the mesh is also a

polytope of the mesh. The intersection of two polytopes must be either a shared face of

both polytopes or empty. Additionally, the mesh must respect the stratification structure

of M . Being a polyhedral manifold, the boundary ∂M can be decomposed into strata

Sd(M), which consists of those points x ∈ ∂M which are contained in a submanifold of

∂M that is of codimension d, but not one that is of codimension d − 1. We will require

that if the relative interior of a polytope ∆d intersects Sd′(M), then ∆̊d ⊆ Sd′(M). This

prevents pathological tangencies at the boundary, and it means that the closure of each

stratum of M inherits its own mesh decomposition.

A polyhedral n-dimensional manifold M is a smooth manifold which is locally modeled

on relatively open subsets of nondegenerate unions of parallelepipeds. This class of mani-

folds includes all polytopes and all domains which can be obtained by identifying faces of

convex polytopes in Rn by rigid motions.

Specifically, every point x ∈ M has a coordinate neighborhood (U, ϕU ) where ϕU is a
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one-to-one open map U → RU ⊂ Rn. RU = P1 ∪ · · · ∪ PN , where each set Pi is a closed

nondegenerate n-dimensional parallelepiped in Rn and the intersection Pi ∩ Pj is either

empty or a shared face of both Pi and Pj . A continuous map f : A ⊆ RU → RU ′ , where

A is a relatively open subset of RU , is considered a smooth map if it can be extended to a

smooth map f : Rn → Rn. The smooth structure is given by a maximal atlas of coordinate

patches (U, ϕU ) such that the transition maps ϕU ◦ϕ−1
U ′ are all smooth with this definition.

As usual, M is also required to be a second-countable Hausdorff space.

Note that if ψ : A ⊆ RU → B ⊆ RU ′ is a diffeomorphism, then each face ∆d ⊂

∂RU must map to a face ∆′
d of ∂RU ′ of the same codimension. For all 0 < d ≤ n, let

Sd(RU ) be defined as the union of relative interiors of faces of ∂RU which have codimension

d, and define S0(RU ) = R̊U . So, if ϕU (x) ∈ Sd(RU ), then ϕU ′(x) ∈ Sd(RU ′) for all

smooth charts U ′ ∋ x. The set of such points in M therefore defines a union of disjoint

submanifolds (without boundary) Sd(M) :=
⋃

U ϕ
−1
U (Sd(RU )) =

⋃
U

⋃
∆d⊂Sd(RU ) ϕ

−1
U (∆̊d),

called the d-stratum of M . The closure of a connected component of Sd(M) is also a

polyhedral manifold, and it is called a codimension-d face of M , so called because it lies

in a codimension-d face in each coordinate chart U . Since
⋃

d≥1 Sd(RU ) = ∂RU for each

coordinate chart U , we can also define ∂M :=
⋃

d≥1 Sd(M) and EM :=
⋃

d≥2 Sd(M). The

set EM is closed and has (n − 1)-dimensional Minkowski content zero in any coordinate

chart, and it will be called the exceptional set.

A version of Stokes’ theorem can be produced for polyhedral manifolds, based on the

fact that they satisfy all the axioms of Whitney manifolds: if ω is in C1Ωn−1(M̊) and

bounded onM\EM (meaning each coefficient is bounded in any coordinate chart), ω|∂M\EM

is summable, and dω|M̊ is summable, then [61, p. 108]

∫
M̊
dω =

∫
∂M\EM

ω =

∫
S1(M)

ω.

Sometimes it will be necessary to use the more restrictive class ofmanifolds with corners.

Using notation from above, this would be the class of polyhedral manifolds such that each
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of the coordinate charts U map into a set RU that consists of a single solid n-dimensional

cube. Manifolds with corners thus have substantially less rigidity (fewer smoothly distinct

neighborhoods) than general polyhedral manifolds, which is relevant for some boundary

integrals.
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Chapter 2

Discrete Riemann Curvature

2.1 Introduction

Since Tullio Regge’s introduction of what are today called Regge metrics—discontinuous

metrics with tangential-tangential continuity—they have found widespread use in numerical

models of general relativity [42, 52], continuummechanics [42, 49, 50], and more. In many of

these applications, one of the key features of a Regge metric is that curvature measures can

be defined which converge in measure to their smooth counterparts. Regge’s original paper

[52] discussed piecewise-constant metrics on simplicial meshes, where the scalar curvature

is given simply by the angle defect around codimension-2 interfaces. Further investigations

by Cheeger, Müller, and Schrader [14] proved that a broader class of curvatures, called

the Lipschitz-Killing curvatures, converges in measure to their smooth counterparts in the

piecewise-flat setting.

Later developments involved proving convergence results for Gauss, scalar, and Einstein

curvature measures on higher-order Regge metrics, where the metric is piecewise-smooth

rather than only piecewise-flat but retains the jump conditions on simplex boundaries

[6, 27–29]. The angle defect remains part of all of these curvature measures, but extra

terms involving the curvature on element interiors and the jump in mean curvature/second
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fundamental form over element boundaries also appear. Only recently have convergence

results been proved for a distributional version of the full Riemann curvature tensor in

arbitrary dimension [32].

In this chapter we will focus not on the numerical convergence of distributional cur-

vature, but rather on deriving the “correct” definition of distributional curvature from

first principles. The formulas (2.16) and (2.22) are equivalent to that for the densitized

distributional Riemann curvature described in [32]. We are not the first to pursue a deriva-

tion of the correct definition from first principles, especially for the scalar curvature in the

piecewise-flat setting; see [8, 9, 15, 16] and the references therein for other perspectives on

this.

Our starting point is the structure equations on the orthonormal frame bundle, about

which some background is provided in the following section. We take them to be the

“ground truth” that define the distributional curvature. The question is, then, which

moving frames f can be used to obtain a distributional curvature functional f∗Ωdist that is

actually a measure (or more precisely an order-0 current), and that has the correct gauge

transformation law? We argue that the vectors comprising such a frame f need to possess

single-valued normal and tangential components on codimension-1 interfaces, forcing them

to be discontinuous at (generic) codimension-2 interfaces. A frame f with this property will

be called “compatible” if it satisfies a few regularity hypotheses and topological constraints

detailed in Definition 1. We argue that compatible frames are the correct generalization

of smooth orthonormal frames. Section 2.2.1 is a discussion motivating the definition of

compatible frames. Sections 2.2.2-2.2.3 then use this definition to derive an expression for

the distributional curvature functional f∗Ωdist.

Importantly, a core part of the definition of a compatible frame involves blow-ups of

polytopes, essentially to ensure that the frame is regular enough to permit integration by

parts, even though it is discontinuous. The idea of using blow-ups to define geometric

invariants of Regge metrics is not new, appearing in [5, p. 2] for much the same reason why
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we use it here. In Section 2.2, after deriving properties that such a frame must have, we

use them to obtain an expression for f∗Ωdist that behaves as it should. We use blow-ups to

help compute f∗Ωdist in Sections 2.2.2-2.2.3, and we also use them in Section 2.2.5 to derive

a frame-independent expression for the distributional curvature, which is more practical

for real computations, especially on manifolds that are not necessarily parallelizable.

Our main results are stated in Theorems 1 and 2. Roughly speaking, they say that if

an n-dimensional manifold M is equipped with a (curvilinear) polyhedral mesh, a Regge

metric g, and a compatible frame f , then the structure equations for the connection one-

form and curvature two-form can be given meaning in a distributional sense. Furthermore,

the distributional curvature two-form f∗Ωdist, when reinterpreted as an End(TM)-valued

two-form, is a functional R̂dist that acts on any End(TM)-valued (n − 2)-form ϕ̂ with

sufficient regularity via

⟨⟨R̂dist, ϕ̂⟩⟩ =
∑
T⊆M

∫
T̊
⟨R̂ ∧ ϕ̂⟩ −

∑
e̊⊂M̊

∫
e̊

[[
⟨ÎIe ∧ i∗e̊ϕ̂⟩

]]
+
∑
p̊⊂M̊

∫
p̊
⟨Θ̂p ∧ i∗p̊ϕ̂⟩.

Here, the sums over T , e, and p are sums over polytopes of codimension 0, 1, and 2,

respectively, and the maps i∗e̊ and i∗p̊ are pullbacks under the inclusions e̊ ↪→ M and p̊ ↪→

M . The notation [[·]] specifies the jump of a multi-valued quantity over the submanifold

e = T ∩ T ′, which in this case is simply the difference ⟨ÎITe ∧ i∗e̊ϕ̂|T ⟩ − ⟨ÎIT
′

e ∧ i∗e̊ϕ̂|T ′⟩.

The quantities R̂, ÎI
T
e , and Θ̂p are End(TM)-valued 2-forms, 1-forms, and 0-forms that

encode the curvature tensor, second fundamental form, and angle defect, respectively. The

operation ⟨· ∧ ·⟩ takes a pair of End(TM)-valued forms and wedges their form parts and

applies a nondegenerate pairing to their endomorphism parts.

Constructing compatible frames is nontrivial, and we provide an existence proof in

Section 2.3. Lastly, in Section 2.4 we investigate the specialization to two dimensions,

where the Gauss curvature measure can be defined independently of the frame, and we

prove that there is a suitable generalization of the Gauss-Bonnet theorem.

Our results are stated for extremely general oriented parallelizable manifolds and meshes.
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This is partly because the presentation is actually not much more complicated for a gen-

eral polyhedral mesh, since many delicate analytical conditions for Stokes’ theorem must

be dealt with even in the simplest cases, and existing literature treating this subject has

already been developed to a very high level of generality. One caveat is that we rely on the

existence of blow-ups of polytopes which are also polytopes, but we have only been able

to locate an existence theorem for blow-ups of simplices in the literature. An explanation

of the types of manifolds we use in this paper, and references to relevant literature, can be

found in the appendix.

Some opportunities for extensions of our results are immediately apparent. The method

of moving frames generalizes quite simply to indefinite (also called pseudo-Riemannian)

metrics and to more general geometries as well. Lemma 4 in Section 2.3 is already stated

for arbitrary pseudo-Riemannian metrics. While the conditions we set for compatible

frames make key use of the particular properties of the structure group O(n), it is clear

where the dependence lies and what would constitute removing it. Essentially the difficulty

will lie in the jump conditions at codimension-2 polytopes, and correspondingly in the angle

defect terms of the distributional curvature equation. These must be phrased in terms of

another one-parameter group adapted to the geometry. We use the integration theory of

differential forms whenever possible, avoiding metric dependence.

2.1.1 Background: Geometry in a Moving Frame

In the method of moving frames [37], one considers the geometry of a manifold by finding

general constructions in the frame bundle, and then choosing an adapted frame which is

most convenient for calculations.

Consider an oriented, parallelizable polyhedral n-manifold M furnished with a smooth

Riemannian metric g. The frame bundle of M , denoted FGL(M), is the sub-bundle of

TM × · · · × TM = (TM)n such that the fiber over each point x ∈M is the set of ordered

bases F = (F1, . . . , Fn) for TxM . The orthonormal frame bundle of M , denoted FO(M),
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is the sub-bundle of FGL(M) such that the fiber over each point is the set of ordered bases

satisfying ⟨Fi, Fj⟩ = δij for all i, j. A frame is a section of the frame bundle, and an

orthonormal frame is a section of the orthonormal frame bundle.

There is a right action of GL(n) on each fiber of FGL(M) defined by (F · h)i = Fjh
j
i .

(To be consistent with Einstein summation notation, the entry of a matrix at the jth

row and ith column will be written hji ). Clearly if (x, F ) ∈ FO(M) and h ∈ O(n), then

(x, F ·h) ∈ FO(M) as well. On Riemannian manifolds, orthonormal frames are often more

convenient to work with than coordinate frames.

The frame bundle has a canonical construction called the solder form. This is a vector-

valued one-form θ ∈ C∞Ω1(FGL(M);Rn) defined implicitly by

dπ
(
v|(x,F )

)
= θj

(
v|(x,F )

)
Fj ,

where π : FGL(M) →M is the bundle projection and dπ : TFGL(M) → TM is its tangent

map. When f is a smooth frame, the one-forms {f∗θj}nj=1 form a basis of the cotangent

space T ∗
xM such that (f∗θj)(fk) = δjk.

A vector v|(x,F ) ∈ T(x,F )FGL(M) will be called vertical if θ(v) = 0. Since the group

action of GL(n) on the fibers of FGL(M) is free, all vertical vectors are derivatives at time

t = 0 of curves t 7→ (x, F ·hv(t)), where hv : (−1, 1) → GL(n) is a smooth curve with hv(0) =

I. This means we can define a linear map η : ker θ ⊂ T(x,F )FGL(M) → gl(n) by v 7→ ḣv(0).

This is a linear isomorphism at each point, with inverse η−1(ḣ(0)) = ∂
∂t |t=0(x, F · h(t)).

When restricted to vertical vectors in T(x,F )FO(M), η becomes so(n)-valued.

It can be shown that η defined this way is smooth by taking a coordinate neighborhood

U ⊂ M , which defines a smooth section s : U → FGL(U) by si := ∂
∂xi

. Every point

(x, F ) ∈ FGL(U) is then equal to (x, s · h) for some matrix h ∈ GL(n), which means

FGL(U) has smooth coordinates (xi, hjk). When expressed in these coordinates, η is equal

to h−1dh. Thus η is called the (left-invariant) Maurer-Cartan form, ubiquitous in the

theory of the geometry of Lie groups and symmetric spaces [58].

One of the classical theorems in Riemannian geometry is the existence and uniqueness
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of a metric-compatible, torsion-free connection called the Levi-Civita connection. Similar

reasoning [26] can be used to derive the existence and uniqueness of an so(n)-valued form

ω ∈ Ω1(FO(M); so(n)) such that, in FO(M),

dθi = −ωi
j ∧ θj . (2.1)

This form ω encodes the Levi-Civita connection. In fact, if ∇ is the usual Levi-Civita

connection and f :M → FO(M) is a smooth orthonormal frame, then f∗ωi
j(v) = ⟨∇vfj , fi⟩.

Furthermore, the curvature of this connection,

Ω := dω +
1

2
[ω, ω], (2.2)

written in coordinates as Ωi
j = dωi

j+ω
i
k∧ωk

j , is equivalent to the Riemann curvature tensor

in the sense that f∗Ωi
j(X,Y ) = ⟨RX,Y fj , fi⟩, where RX,Y = ∇X∇Y − ∇Y ∇X − ∇[X,Y ].

More geometric identities, such as the Bianchi identities, can be derived from these structure

equations, but these two are sufficient for the purposes of this paper.

For convenience we will introduce a basis of so(n) that is used throughout this paper.

For i ̸= j, let wi
j ∈ so(n) be defined as the matrix such that the entry at the ith row and

jth column is equal to −1, while the entry at the jth row and ith column is equal to 1, and

all other entries are zero. Every element A ∈ so(n) can therefore be written as
∑

i<j A
j
iw

i
j .

The last piece of background from Lie group theory that is needed is the adjoint action.

It comes from the conjugation action of GL(n) on itself, which we will denote Ad(h)(k) :=

hkh−1. The adjoint action Ad : GL(n) → Aut(gl(n)) is defined by Ad(h)(A) = hAh−1.

Abstractly, Ad(h)(A) is the derivative of Ad(h)(k(t)) at t = 0, with k being any curve

such that k(0) = I, k̇(0) = A.

A gl(n)-valued form α on FGL(M) is said to be tensorial (or semi-basic) if v⌟α = 0 for

any vertical vector field v (so α evaluates to zero on any multivector that has a vertical

component) and α|(x,F ·h) = Ad(h−1)(α|(x,F )) for any h ∈ O(n). This expresses the idea that

α, in some sense, does not depend on the frame; if α is tensorial, then an endomorphism-

valued form α̂ ∈ Ωk(M ; End(TM)) could be defined so that Fiα
i
j |(x,F ) = α̂|x(Fj).
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The 2-form Ω defined above is tensorial, but the 1-form ω is not. In fact, if we were

to calculate out ω(v) where v is a vertical vector, then we get the same as η(v). This can

also be expressed by the gauge transformation law: if f : M → FO(M) is an orthonormal

frame and h :M → O(n) is a change of basis, then

(f · h)∗ω = h−1dh+Ad(h−1)(f∗ω). (2.3)

In other words, the Levi-Civita connection is not a tensor.

Remark 1. It must be noted that, in this section, we have treated M as if there can exist

a global frame f : M → FGL(M). In many cases, this is not possible. Manifolds that

do support a global frame are called parallelizable. However, every point in a manifold

is contained in a neighborhood which is parallelizable. Since curvature is a local property,

this means the parallelizable case is really the most interesting. Parallelizability is also

different from being topologically trivial; for instance, spheres of dimension 0, 1, 3, and 7

and products thereof are all parallelizable.

We make frequent use of a “wedge inner product” between forms that take values in

gl(n). We can define a nondegenerate symmetric bilinear form ⟨·, ·⟩ on the vector space

gl(n) = Rn×n by setting ⟨A,B⟩ := Tr(AB). When restricted to so(n), it is a negative-

definite inner product. This means we can define a product

⟨· ∧ ·⟩ : (gl(n)⊗ Λk
x(M))⊗ (gl(n)⊗ Λn−k

x (M)) → Λn
x(M)

by setting

⟨(A⊗ α) ∧ (B ⊗ β)⟩ := ⟨A,B⟩α ∧ β

and extending multilinearly. This is not a true inner product, but it is nondegenerate

and bilinear, and it is completely independent of any metric structure, which makes it

desirable for our use case. It also has some useful symmetries. One we will use often is

that ⟨(Ad(h)(A)⊗α)∧ (B⊗β)⟩ = ⟨(A⊗α)∧ (Ad(h−1)(B)⊗β)⟩ for any h ∈ GL(n). When

applying the adjoint action (or any other map gl(n) → gl(n)) to a Lie algebra part of a Lie

algebra valued form, we will abuse notation slightly by applying it to the whole form.
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2.2 Derivation of the Distributional Riemann Curvature

The distributional Riemann curvature tensor associated to an orthonormal frame f , which

we will denote by f∗Ωdist, is a linear functional which associates a number to each smooth,

compactly supported so(n)-valued (n−2)-form ϕ which vanishes when pulled back to ∂M .

The frame f is made up of C2 frames on the interior of each codimension-0 polytope T ,

so f =
⊔

T⊆M fT and each fT : T̊ → FO(T̊ ) is a C2 section. We will also take as a

definition that f∗ω and f∗[ω, ω] are the piecewise-C2 forms defined as f∗ω|T̊ := fT
∗
ω and

f∗[ω, ω]|T̊ := fT
∗
[ω, ω], where ω ∈ C1Ω1(FO(T̊ ); so(n)) is the usual connection one-form.

The distributional exterior derivative of f∗ω is the linear functional defined by

⟨⟨df∗ω, ϕ⟩⟩ :=
∑
T⊆M

∫
T̊
⟨fT ∗

ω ∧ dϕ⟩ (2.4)

for all ϕ ∈ C∞
c Ωn−2(M ; so(n)) that vanish when pulled back to ∂M .

Per the discussion above, our definition of f∗Ωdist is

⟨⟨f∗Ωdist, ϕ⟩⟩ := ⟨⟨df∗ω +
1

2
f∗[ω, ω], ϕ⟩⟩ =

∑
T⊆M

∫
T̊
⟨fT ∗

ω ∧ dϕ⟩+ 1

2
⟨fT ∗

[ω, ω] ∧ ϕ⟩. (2.5)

What we aim to do is find conditions on the frame f such that the right-hand side of

(2.5) can be efficiently computed, is bounded by a multiple of the supremum norm of ϕ,

and transforms like a tensor.

2.2.1 Conditions on Compatible Frames

An orthonormal frame f =
⊔

T⊆M fT will be called compatible if it has some desirable

properties that make ⟨⟨f∗Ωdist, ϕ⟩⟩ both correct from a geometrical standpoint and practical

from a computational standpoint. The conditions that a compatible frame must satisfy are

fairly technical and may seem arbitrary, so before stating them, we will first provide some

motivation.
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First, we want the individual vector fields in our frame to be “parallel” across codimension-

1 polytopes, in some sense. For each interior codimension-1 polytope e̊ ⊂ M̊ , we can define

a frame Ee which is orthonormal in the metric i∗eg; this metric is well-defined since g has

single-valued tangential-tangential components on e. If e = T∩T ′, then Ee can be extended

to two orthonormal frames ET
e and ET ′

e by appending outward-facing normal vectors to e

for gT and gT
′
respectively, which we denote by n⃗ and n⃗′. Assume that for each T , fT can

be continuously extended to e̊ by the C1 section fT |̊e : e̊→ FO(T )|̊e, and let µTe : e̊→ O(n)

be a map such that

ET
e · µTe = fT |̊e

and likewise ET ′
e · µT ′

e = fT
′ |̊e. The condition on codimension-1 faces is that

µTe =

I 0

0 −1

µT ′
e .

That is, the tangential components of each fi are continuous and the normal component

of fi is continuous if one of the normal vectors is negated, so ⟨fi, n⃗⟩T = ⟨f ′i ,−n⃗′⟩T ′ .

While somewhat arbitrary, this notion of “parallelism” is supported by the fact that

a piecewise-smooth geodesic, defined as a locally energy-minimizing curve, must have a

velocity vector that satisfies the same condition we have placed on the fi’s.

Another, possibly deeper reason for this to be true, is that we need some kind of frame-

independent coupling across codimension-1 polytopes for the distributional curvature to

be tensorial. Suppose a piecewise-smooth frame f is compatible and can be continuously

extended to each codimension-1 boundary component e̊ ⊂ ∂T for each T ⊆ M . Then if ϕ

has support in a small neighborhood of a point x0 ∈ e̊, where e = T1 ∩ T2 is an interface
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between two polytopes, Stokes’ theorem gives us

⟨⟨f∗Ωdist, ϕ⟩⟩ = ⟨⟨df∗ω +
1

2
f∗[ω, ω], ϕ⟩⟩

=
∑
i=1,2

∫
T̊i

(
⟨fTi

∗
ω ∧ dϕ⟩+ 1

2
⟨fTi

∗
[ω, ω] ∧ ϕ⟩

)
=
∑
i=1,2

∫
T̊i

⟨fTi
∗
(dω +

1

2
[ω, ω]) ∧ ϕ⟩ −

∫
e̊
⟨[[f∗ω]] ∧ ϕ⟩

=
∑
i=1,2

∫
T̊i

⟨fTi
∗
Ω ∧ ϕ⟩ −

∫
e̊
⟨[[f∗ω]] ∧ ϕ⟩,

where [[f∗ω]] denotes the jump in f∗ω across e. This expression does not depend on any

derivatives of ϕ, so the domain of f∗Ωdist can be formally extended to include piecewise-

smooth forms (with the same support) by setting

⟨⟨f∗Ωdist, ϕ⟩⟩ =
∑
i=1,2

∫
T̊i

⟨fTi
∗
Ω ∧ ϕ⟩ −

∫
e̊
[[⟨f∗ω ∧ ϕ⟩]].

However, keeping ϕ continuous, we could then apply differing transformations hTi : Ti →

O(n) on either side of e, which we will collectively call h, and obtain another piecewise-

smooth frame that we can evaluate the distributional curvature in. Since Ω is tensorial

and ω obeys the gauge transformation law (2.3), we would get

⟨⟨(f · h)∗Ωdist, ϕ⟩⟩

=
∑
i=1,2

∫
T̊i

⟨Ad(hTi
−1

)(fTi
∗
Ω) ∧ ϕ⟩ −

∫
e̊
⟨[[Ad(h−1)(f∗ω) + h−1dh]] ∧ ϕ⟩

=
∑
i=1,2

∫
T̊i

⟨fTi
∗
Ω ∧Ad(hTi)(ϕ)⟩ −

∫
e̊
[[⟨f∗ω ∧Ad(h)(ϕ)⟩]] + ⟨[[h−1dh]] ∧ ϕ⟩

= ⟨⟨f∗Ωdist,Ad(h)(ϕ)⟩⟩ −
∑
e̊⊂M̊

∫
e̊
⟨[[h−1dh]] ∧ ϕ⟩.

If f∗Ω were a continuous so(n)-valued form, we would get

⟨Ad(h−1)(f∗Ω) ∧ ϕ⟩ = ⟨f∗Ω ∧Ad(h)(ϕ)⟩. Guided by this, we define

⟨⟨Ad(h−1)(f∗Ωdist), ϕ⟩⟩ := ⟨⟨f∗Ωdist,Ad(h)(ϕ)⟩⟩. (2.6)
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As the Riemann curvature should be tensorial, it should always be true that changing

the frame by h results in an adjoint action by h−1 on f∗Ωdist. For this to be true for continu-

ous ϕ and discontinuous h, it must be the case that [[h−1dh]] = 0 along every codimension-1

face e = T ∩T ′, so on e, hT = Ceh
T ′

for some constant matrix Ce. We will restrict ourselves

to the case Ce = I, since otherwise it would not be possible to modify the transformation

h so that it is the identity outside of a small neighborhood of x0 but retains the jump

condition, losing locality. What this means is that, if any particular frame f is asserted to

be compatible, then it is reasonable to assert that in a small enough neighborhood U of a

point x ∈ e̊, the set of compatible frames on U (meaning restrictions of compatible frames

to U) must be contained in {(f |U · h) : h is piecewise-smooth and continuous}. Therefore,

piecewise-smooth frames are usually not compatible, and the set of piecewise-smooth com-

patible frames must all have the same jump conditions along codimension-1 polytopes—the

matrix µTe (µ
T ′
e )−1 cannot depend on f . The choice µTe (µ

T ′
e )−1 =

I 0

0 −1

 is the simplest,

and it is consistent with the case of continuous metrics and frames.

Enforcing the constraint µTe =

I 0

0 −1

µT ′
e on a frame precludes the possibility of

it being continuous on the boundary of each polytope. For each codimension-2 polytope

p ⊂ M , let Ep be a frame which is orthonormal with respect to i∗pg, and for each pair

of codimension-0 and codimension-1 polytopes T, e such that p ⊂ e ⊂ T , let ET
p,e be

the extension of Ep to an orthonormal frame by appending the normal vector ν⃗ which is

orthogonal to p and points into e and the normal vector n⃗ which is orthogonal to e and

makes ET
p,e right-hand oriented. If p = e ∩ e′ and e, e′ ⊂ T , then at each point x ∈ p,

ET
p,e = ET

p,e′ ·


I 0 0

0 cos(±θTp ) − sin(±θTp )

0 sin(±θTp ) cos(±θTp )

 = ET
p,e′ · exp

(
±θTp wn−1

n

)
, (2.7)

where θTp is the dihedral angle between e and e′ at x. Additionally, there exists an O(n)-
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valued matrix AT
p,e such that

ET
e = ET

p,e ·AT
p,e.

Note that since the final entries of ET
e and ET

p,e are associated to normal vectors to e in the

metric gT , AT
p,e =

Ap,e 0

0 ±1

, where Ap,e does not depend on the polytope T . Because

ET ′
e has a normal vector that points in a different direction to that of ET

e , but E
T ′
p,e does

not, we also have AT
p,e =

I 0

0 −1

AT ′
p,e = AT ′

p,e

I 0

0 −1

, and therefore

AT
p,eµ

T
e = AT ′

p,eµ
T ′
e .

Now suppose that for any Regge metric g, there exists a frame f that is continu-

ous on each codimension-0 polytope T and satisfies the compatibility condition µTe =I 0

0 −1

µT ′
e . We will produce a contradiction. Let p be a codimension-2 polytope which

is completely surrounded by codimension-0 polytopes T1, . . . , Tk, and let ei = Ti ∩ Ti+1 for

i = 1, 2, . . . , k − 1 and e0 = ek = Tk ∩ T1. Without loss of generality, also assume that the

ordering is chosen so that for each i = 1, 2, 3, . . . , k, the signs in (2.7) are positive when

e = ei−1, e
′ = ei, and T = Ti.

Then

fTi = ETi
p,ei−1

· (ATi
p,ei−1

µTi
ei−1

) = ETi
p,ei ·

(
exp

(
θTi
p w

n−1
n

)
ATi

p,ei−1
µTi
ei−1

)
,

but also fTi = ETi
p,ei · (ATi

p,eiµ
Ti
ei ). Since the group action is free and ATi

p,ei−1
µTi
ei−1

=

A
Ti−1
p,ei−1µ

Ti−1
ei−1 , this implies

exp
(
θTi
p w

n−1
n

)
A

Ti−1
p,ei−1µ

Ti−1
ei−1 = ATi

p,eiµ
Ti
ei . (2.8)

Let Πi
i−1 be the linear transformation sending fTi−1 to fTi , meaning Πi

i−1(f
Ti−1

j ) = fTi
j

for each j. Clearly, Π1
k ◦Πk

k−1 ◦ · · · ◦Π2
1 = I. Let us express the transformation Πi

i−1 in the
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bases E
Ti−1
p,ei−1 and ETi

p,ei :

[Πi
i−1]

E
Ti
p,ei

E
Ti−1
p,ei−1

= ATi
p,eiµ

Ti
ei (A

Ti−1
p,ei−1µ

Ti−1
ei−1 )

−1 = exp
(
θTi
p w

n−1
n

)
.

So we should get that

I = [Π1
k ◦ · · · ◦Π2

1]
E

T1
p,e1

E
T1
p,e1

= exp

((
k∑

i=1

θTi
p

)
wn−1
n

)
,

which implies
∑k

i=1 θ
Ti
p = 2mπ for some integer m. However, in general, this sum can

take any positive value if the metric is discontinuous at p. Therefore the frame fT cannot

always be continuous at p. This is the origin of the angle defect. In order to control the

discontinuity of fT as much as possible, we will restrict it to only rotate at a constant

speed, and only in the plane orthogonal to p.

Summary of objects introduced. The preceding paragraphs introduce some objects

that are used throughout the rest of the chapter. They are collected here for convenience.
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Notation Definition

Ep An arbitrary orthonormal frame on the codimension-2 polytope p. En-

tries are called τ1, . . . , τn−2.

Ee An arbitrary orthonormal frame on the codimension-1 polytope e. En-

tries are called E1, . . . , En−1.

n⃗T The outward-pointing gT -normal vector to a face e ⊂ T . Usually called

just n⃗ when T is implicitly known.

ν⃗ The inward-pointing normal vector to a face p ⊂ e.

Ep,e The ge-orthonormal frame defined on p with entries (τ1, . . . , τn−2, ν⃗)

Ap,e The map p→ O(n− 1) such that Ee = Ep,e ·Ap,e

ET
e The gT -orthonormal frame defined on e with entries (E1, . . . , En−1, n⃗

T ).

ET
p,e The gT -orthonormal frame defined on p with entries

(τ1, . . . , τn−2, ν⃗,±n⃗T ), where the sign on n⃗T is chosen so that ET
p,e

is positively oriented in M .

AT
p,e The map p→ O(n) such that ET

e = ET
p,e ·AT

p,e.

µTe The map e̊→ O(n) such that fT |̊e = ET
e · µTe .

θTp The map p→ R which measures the interior angle between the two faces

e, e′ ⊂ T whose intersection is equal to p.

To ensure that we are still able to apply integration by parts, despite the fact that the

frame is discontinuous at p, we will follow the strategy outlined in [5, p. 2] and require

that fT has some smoothness and continuity when pulled back to the blow-up BT of T .

The blow-up BT of T is essentially a polytope that has one codimension-1 face for each

codimension-d face of T with d ≥ 1, with tangencies related to inclusion relations between

the original faces. There is a corresponding blow-down map ΦT : BT → T which restricts

to a diffeomorphism ΦT |B̊T
: B̊T → T̊ . The blow-up has an exceptional set which we will

call EBT
, consisting of the faces of BT of codimension ≥ 2, and it can be safely ignored for

the purpose of Riemann integration. Some information on blow-ups of manifolds can be
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found in the appendix.

With all this in mind, we arrive at the definition of a compatible frame:

Definition 1. A frame f =
⊔

T⊆M fT , where fT : T̊ → FO(T )|T̊ is a C2 orthonormal

frame for the metric gT , is compatible if:

1. For each T ⊆ M , there exists a blow-up BT (equipped with a blow-down map ΦT :

BT → T ) and a Lipschitz continuous map F T : BT → FO(T ) such that F T |BT \EBT
∈

C2(BT \EBT
;FO(T )), f

T ◦ ΦT |B̊T
= F T |B̊T

, and π ◦ F T = ΦT . We could also say

that the following diagram is commutative (wherever the maps are defined):

BT FO(T )

T

FT

ΦT
πfT

This ensures that for each e ⊂ T , there is a C2 section fT |̊e : e̊ → FO(T )|̊e which

continuously extends fT .

2. For each e ⊂ T ⊆M , let µTe : e̊→ O(n) be the matrix such that ET
e · µTe = fT |̊e, and

suppose e = T ∩ T ′. Then µT
′

e =

I 0

0 −1

µTe .
3. For each p ⊂ T ⊆ M , let e ⊂ T be the unique face meeting p such that the frame

ET
p,e has an inward-pointing normal vector as its last entry. Then there exists an

orientation-preserving embedding ψT
p : [0, 1]× p̊→ ΦT−1(p̊), where the orientation in

p is induced by the orientation on e ⊂ T , and the orientation on ΦT−1
(p̊) is induced

from BT , such that ψT
p ({0} × p̊) ⊂ ΦT−1(̊e) and ΦT ◦ ψT

p (s, x) = x. Additionally,

there exists a continuous function rTp,e : p→ R such that

F T (ψT
p (s, x)) = ET

p,e(x) ·
(
exp

(
s rTp,e(x)w

n−1
n

)
AT

p,e(x)µ
T
e (x)

)
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for all x ∈ p̊ and all s ∈ [0, 1]. In other words, the multi-valuedness of fT at

codimension-2 faces is controlled so that fT is continuous when expressed in cylin-

drical coordinates around x ∈ p̊ and rotates in the plane orthogonal to p at a rate

depending only on x. There is no restriction on behavior near faces of higher codi-

mension.

4. There exists a smooth metric g0 and a smooth g0-orthonormal frame f0 such that

there is a continuous homotopy of Regge metrics g(t) with g(1) = g and g(0) = g0,

and a homotopy of compatible frames f(t) such that f(0) = f0, f(1) = f , and f(t)

is g(t)-orthonormal and satisfies conditions 1, 2, and 3. The map (t, x) 7→ F T (t)(x)

also must vary continuously as a map [0, 1]×BT → FGL(T ).

As mentioned above, condition 1 makes it possible to integrate by parts even though

the frame may have discontinuities on polytopes of codimension 2 or greater. The fact that

F T is Lipschitz and C2 on the set BT \EBT
is necessary for the identity dF T ∗

ω = F T ∗
dω

to hold and for F T ∗
ω to be bounded and continuously extendable to BT \EBT

. These are

all necessary conditions for Stokes’ Theorem to hold for the form F T ∗
(ω ∧ π∗ϕ) on BT .

Conditions 2 and 3 are necessary for the frame f to have some semblance of continuity

and for the distributional curvature to transform like a tensor, as mentioned previously,

and condition 4 states that compatible frames can be “smoothed out” without introducing

singularities.

Remark 2. We have ignored the question of whether the piecewise-smooth one-form f∗ω

defined by f∗ωi
j |T̊ = ⟨∇T fTj , f

T
i ⟩T on T is “really” the connection form associated to the

compatible frame f , despite the fact that f is discontinuous. Here is one way to answer that

question: Since the pullback of f∗θi to every element interface e = T ∩ T ′ is single-valued,

the distributional exterior derivative of f∗θi is simply its elementwise exterior derivative.

Therefore the structure equations df∗θi = −f∗ωi
j ∧ f∗θj hold in a distributional sense.
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2.2.2 The Integration by Parts Step

To perform integration by parts, we proceed in each codimension-0 polytope T by lifting

the integrals in (2.5) to BT and expanding out the inner products in coordinates. For now,

we will suppress the T superscripts and focus on one term of the integral:∫
T̊
⟨f∗ω ∧ dϕ⟩ =

∫
Φ(B̊T )

f∗ωi
j ∧ dϕ

j
i

=

∫
B̊T

Φ∗f∗ωi
j ∧ Φ∗dϕji .

Next we apply the facts that f ◦Φ = F on B̊T , so Φ∗f∗ = F ∗, and Φ = π◦F , so Φ∗ = F ∗π∗.

This yields ∫
B̊T

Φ∗f∗ωi
j ∧ Φ∗dϕij =

∫
B̊T

F ∗(ωi
j ∧ π∗dϕ

j
i ).

The form F ∗(ωi
j ∧ π∗ϕji ) is C1 and bounded on B̊T , and summable on ∂BT \EBT

, and

F ∗d(ωi
j ∧ π∗ϕ

j
i ) = dF ∗(ωi

j ∧ π∗ϕ
j
i ) is summable on B̊T . Therefore the integration by parts

theorem for Whitney manifolds [61, Theorem 18A] applies:∫
B̊T

F ∗(ωi
j ∧ π∗dϕ

j
i ) =

∫
B̊T

F ∗(dωi
j ∧ π∗ϕ

j
i )−

∫
∂BT \EBT

F ∗(ωi
j ∧ π∗ϕ

j
i ).

The first term can be pulled back down to T̊ , and the second term can be split up into

integrals over the faces of BT from different strata:∫
B̊T

F ∗(dωi
j ∧ π∗ϕ

j
i )−

∫
∂BT \EBT

F ∗(ωi
j ∧ π∗ϕ

j
i )

=

∫
T̊
f∗(dωi

j) ∧ ϕ
j
i −

n∑
d=1

∫
Φ−1(Sd(T ))

F ∗(ωi
j ∧ π∗ϕ

j
i ).

For d > 2, the integrals over Φ−1(∆̊d) vanish for any codimension-d face ∆̊d ⊂ Sd(T ).

Indeed, ϕji is an (n − 2)-form, so its trace i∗
∆̊d
ϕji vanishes on any ∆̊d with d > 2. Since

i∗
Φ−1(∆̊d)

F ∗π∗ = i∗
Φ−1(∆̊d)

Φ∗ = Φ∗i∗
∆̊d

, we have i∗
Φ−1(∆̊d)

F ∗π∗ϕij = Φ∗i∗
∆̊d
ϕji = 0. Therefore

the integral of F ∗(ωi
j ∧ π∗ϕ

j
i ) over Φ

−1(Sd(T )) = Φ−1(
⋃

∆̊d) is equal to zero.
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Additionally, since there is a smooth (in each component) section f |S1(T ) of FO(T )|S1(T )

that continuously extends f (by condition 1),∫
Φ−1(S1(T ))

F ∗(ωi
j ∧ π∗ϕ

j
i ) =

∫
S1(T )

f |∗S1(T )(ω
i
j ∧ π∗ϕ

j
i ) =

∫
S1(T )

f |∗S1(T )ω
i
j ∧ ϕ

j
i .

Here, we have implicitly used the fact that Φ|Φ−1(S1(T )) : Φ
−1(S1(T )) → S1(T ) is a diffeo-

morphism on each component; see Appendix 5.1.

Plugging this back into (2.5), we get

⟨⟨f∗Ωdist, ϕ⟩⟩ =
∑
T⊆M

∫
T̊
fT

∗
(dωi

j + ωi
k ∧ ωk

j ) ∧ ϕ
j
i −

∫
S1(T )

fT |∗S1(T )ω
i
j ∧ ϕ

j
i (2.9)

−
∫
ΦT−1(S2(T ))

F T ∗
(ωi

j ∧ π∗ϕ
j
i )

=
∑
T⊆M

∫
T̊
⟨fT ∗

(dω +
1

2
[ω, ω]) ∧ ϕ⟩ −

∑
e̊⊂M̊

∫
e̊
⟨[[fT |∗e̊ω]] ∧ ϕ⟩ (2.10)

−
∑
e̊⊂M̊

∑
T⊃p

∫
ΦT−1(p̊)

F T ∗⟨ω ∧ π∗ϕ⟩.

For the integrals over codimension-1 polytopes, let IITe ∈ Ω1(e, so(n)) be the form defined

by (IITe )
i
j = 0 for all 1 ≤ i, j ≤ n − 1 and (IITe )

n
i = ⟨∇(ET

e )i, n⃗⟩ for 1 ≤ i ≤ n. We will use

it to represent the second fundamental form of e. Also let ω̃T
e = (ET

e )
∗ω, that is, the full

connection form for the frame ET
e . Then the gauge transformation law (2.3) tells us that

fT |∗e̊ω = Ad((µTe )
−1)(ω̃T

e ) + (µTe )
−1dµTe .

Since the first n − 1 vectors in ET
e do not depend on T , there exists an so(n − 1)-

valued form Je that does not depend on T so that ω̃T
e − IITe =

Je 0

0 0

. For interior edges
e = T ∩ T ′, (µTe )

−1dµTe = (µT
′

e )−1dµT
′

e , and the following equation gives us the jump in ω:

[[fT |∗e̊ω]] = Ad((µTe )
−1)(ω̃T

e )−Ad((µT
′

e )−1)(ω̃T ′
e )

= Ad((µTe )
−1)

ω̃T
e −Ad

I 0

0 −1

 (ω̃T ′
e )


= Ad((µTe )

−1)(IITe + IIT
′

e ).
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This could still be interpreted as a jump in second fundamental form, since the two funda-

mental forms are being evaluated with normal vectors that point in opposite directions. We

will therefore denote [[IIe]] := IITe + IIT
′

e when e = T ∩ T ′. The integrals over codimension-1

polytopes then read ∫
e̊
⟨[[fT |∗e̊ω]] ∧ ϕ⟩ =

∫
e̊
⟨Ad((µTe )−1)([[IIe]]) ∧ ϕ⟩. (2.11)

While this expression involves a codimension-0 polytope T of which e is a face, the

expression is not actually dependent on T , because both the sign of the integrand and the

orientation of the integral change when T and T ′ are interchanged. The only caveat is that

the integral must be evaluated using the induced orientation of e from T .

Note also that we have made key use of the fact that i∗e̊ϕ = 0 for e ⊂ ∂M , so there is

no issue with the boundary terms here. See Section 2.4 for some discussion on how things

change if ϕ is allowed to not pull back to zero on ∂M .

2.2.3 Derivation of the Angle Defect

Expanding out the last term on the right of 2.10 takes more work. First, we will use

condition 3 on f to change the integrals over ΦT−1
(p̊) to integrals over (0, 1)× p̊:∫

ΦT−1(p̊)
F T ∗

(ωi
j ∧ π∗ϕ

j
i ) =

∫
(0,1)×p̊

ψT
p
∗
F T ∗

(ωi
j ∧ π∗ϕ

j
i ).

The form ψT
p
∗
F T ∗

π∗ϕji = ψT
p
∗
ΦT ∗

ϕji is basic for the fiber bundle q : [0, 1]× p → p, i.e.

ψT
p
∗
ΦT ∗

ϕji = q∗i∗pϕ
j
i . Then Fubini’s theorem can be applied to this integral:

∫
(0,1)×p̊

ψT
p
∗
F T ∗

(ωi
j ∧ π∗ϕ

j
i ) =

∫
p̊

(∫
(0,1)×{x}

ψT
p
∗
F T ∗

ωi
j

)
ϕji .

Let ξTp (x) := η(dF T ◦ dψT
p (

∂
∂s |(x,s))) be the so(n)-valued function representing counter-

clockwise rotation around p at the angular speed rTp,e(x). The fact that ξ is independent

of s is a consequence of condition 3. Then since ω(X) = η(X) for any vertical vector X,
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the integral can be made simpler:∫
p̊

(∫
(0,1)×{x}

ψT
p
∗
F T ∗

ωi
j

)
ϕji =

∫
p̊

(∫ 1

0
ωi
j

(
dF T ◦ dψT

p

(
∂

∂s

))
ds

)
ϕji

=

∫
p̊

(∫ 1

0
(ξTp )

i
j(x)ds

)
ϕji =

∫
p̊
(ξTp )

i
jϕ

j
i .

This means we can simplify the final term of (2.10) into a single integral over p̊:∑
T⊃p

∫
ΦT−1(p̊)

F T ∗
(ωi

j ∧ π∗ϕ
j
i ) =

∫
p̊
⟨
∑
T⊃p

ξTp ∧ ϕ⟩. (2.12)

The vector ξTp ∈ so(n) can be explicitly calculated, using condition 3 of the compatible

frame, as Ad((AT
p,eµ

T
e )

−1)(rTp,ew
n−1
n ). The sum of these terms is the derivative of

Gp(s) :=

1∏
j=k

Ad((A
Tj
p,ejµ

Tj
ej )

−1)
(
exp

(
s r

Tj
p,ejw

n−1
n

))
at s = 0, where Tj and ej are some enumeration of the codimension-0 and codimension-1

faces surrounding p such that for each j = 1, . . . , k − 1, Tj ∩Tj+1 = ej+1, the rotation from

E
Tj
p,ej to E

Tj
p,ej+1 is in the counterclockwise direction for each j = 1, . . . , k − 1, and k is the

number of codimension-1 faces incident to p. Another way to characterize this enumeration

is that E
Tj
p,ej has an inward-pointing normal vector as its last element and E

Tj
p,ej+1 has an

outward-pointing normal vector as its last element. If p is an interior polytope, then we

also require that the preceding statements hold for j = k, where Tk+1 := T1 and ek+1 := e1.

Note that above, the multiplication is arranged so that j = k is the leftmost factor and

j = 1 is the rightmost factor. The order of multiplication here technically doesn’t matter,

as the derivative of Gp(s) at s = 0 is the same regardless of the ordering of multiplications,

but this is the convention we chose.

Next we will use algebraic manipulations much like those in equation (2.8) to derive an

expression for A
Tj+1
p,ej+1µ

Tj+1
ej+1 (A

Tj
p,ejµ

Tj
ej )

−1.

For x ∈ p, condition 3 on the compatible frame (and the fact that F Tj is continuous)

implies

fTj |ej+1(x) = F Tj (ψ
Tj
p (1, x)) = E

Tj
p,ej · exp

(
r
Tj
p,ej (x)w

n−1
n

)
A

Tj
p,ejµ

Tj
ej .
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However, we also know that fTj |ej+1 = E
Tj
p,ej+1 ·A

Tj
p,ej+1µ

Tj
ej+1 , so because the rotation from

E
Tj
p,ej to E

Tj
p,ej+1 is in the counterclockwise direction, we have E

Tj
p,ej+1 = E

Tj
p,ej ·exp

(
θ
Tj
p wn−1

n

)
,

so we can use the fact that the group action is free on each fiber of FO(Tj) to derive

exp
(
r
Tj
p,ejw

n−1
n

)
A

Tj
p,ejµ

Tj
ej = exp

(
θ
Tj
p w

n−1
n

)
A

Tj
p,ej+1µ

Tj
ej+1 .

Lastly we can apply the fact that A
Tj
p,ej+1µ

Tj
ej+1 = A

Tj+1
p,ej+1µ

Tj+1
ej+1 to derive

A
Tj+1
p,ej+1µ

Tj+1
ej+1 (A

Tj
p,ejµ

Tj
ej )

−1 = exp
(
(r

Tj
p,ej − θ

Tj
p )wn−1

n

)
. (2.13)

Then Gp(s) = (ATk
p,ek

µTk
ek
)−1 exp

(
γ(s)wn−1

n

)
AT1

p,e1µ
T1
e1 , where

γ(s) := srTk
p,ek

+

k−1∑
j=1

(1 + s)r
Tj
p,ej − θ

Tj
p .

For interior polytopes, this can be simplified with one more application of (2.13) to

obtain the equivalent expression

Gp(s) = Ad((ATk
p,ek

µTk
ek
)−1)

(
exp

[
(γ(s) + rTk

p,ek
− θTk

p )wn−1
n

])
. (2.14)

Therefore for interior polytopes, Gp(0) = I implies that γ(0)+rTk
p,ek

−θTk
p = 2πm for an

integer m. The integer m must be continuous with respect to continuous deformations of g

and f . Thus, using the final condition for compatible frames and the fact that rTp,e = 0 for

continuous frames and continuous metrics, we get m = −1. Therefore
∑k

j=1 r
Tj
p,ej = −Θp,

where Θp := 2π −
∑k

j=1 θ
Tj
p is the angle defect of p at x. Lastly we note that, due to

equation (2.14),

∂

∂s

∣∣∣∣
s=0

Gp(s) = Ad
(
(ATk

p,ek
µTk
ek
)−1
) k∑

j=1

r
Tj
p,ejw

n−1
n

 ,

so we finally get ∫
p̊
⟨
∑
T⊃p

ξTp ∧ ϕ⟩ = −
∫
p̊
Θp⟨Ad((ATk

p,ek
µTk
ek
)−1)(wn−1

n ) ∧ ϕ⟩. (2.15)
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The left-hand side of this equation clearly doesn’t depend on the particular enumeration

Tj we picked, so we will omit the subscript k from now on and remember that although

the expression on the right-hand side involves particular codimension-0 and codimension-

1 polytopes T and e of which p is a face, the expression is actually independent of the

particular choice. The only caveat is that the integral needs to be evaluated with the

orientation on p induced from e, and e needs to be chosen so that the last entry of ET
p,e is

an inward-pointing normal vector; otherwise the sign on Θp would need to flip.

2.2.4 Properties of the Distributional Curvature

Combining (2.10), (2.11), (2.12), and (2.15), we arrive at our final expression for the dis-

tributional curvature:

Theorem 1. Suppose f =
⊔

T⊆M fT satisfies all of the compatibility conditions in Defini-

tion 1 and ϕ ∈ C∞
c Ωn−2(M ; so(n)) is a smooth compactly supported so(n)-valued (n− 2)-

form which vanishes when pulled back to ∂M . Then

⟨⟨f∗Ωdist, ϕ⟩⟩ =
∑
T⊆M

∫
T̊
⟨fT ∗

Ω ∧ ϕ⟩ −
∑
e̊⊂M̊

∫
e̊
⟨Ad((µTe )−1)([[IIe]]) ∧ i∗e̊ϕ⟩

+
∑
p̊⊂M̊

∫
p̊
Θp⟨Ad((AT

p,eµ
T
e )

−1)(wn−1
n ) ∧ i∗p̊ϕ⟩. (2.16)

Furthermore, the distributional curvature is tensorial, in the following sense: if h is a

continuous piecewise-smooth map M → O(n), then f · h is a compatible frame and

⟨⟨(f · h)∗Ωdist, ϕ⟩⟩ = ⟨⟨Ad(h−1)(f∗Ωdist), ϕ⟩⟩.

Proof. The proof of the expression for the distributional curvature was already carried out

in subsections 2.1-2.3, and it is clear that f ·h satisfies all the compatibility conditions if h is

continuous and piecewise-smooth, so all that remains to be proven is the tensoriality. First,

we will expand out the expression for the distributional curvature in the frame f̂ = f · h.

Note that since f = ET
e · µTe , µ̂Te = µTe h, so the expression is not hard to evaluate:
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⟨⟨f̂∗Ωdist, ϕ⟩⟩

=
∑
T⊆M

∫
T̊
⟨(fT · h)∗Ω ∧ ϕ⟩ −

∑
e̊⊂M̊

∫
e̊
⟨Ad((µTe h)−1)([[IIe]]) ∧ i∗e̊ϕ⟩

+
∑
p̊⊂M̊

∫
p̊
Θp⟨Ad((AT

p,eµ
T
e h)

−1)(wn−1
n ) ∧ i∗p̊ϕ⟩

=
∑
T⊆M

∫
T̊
⟨Ad(h−1)(fT

∗
Ω) ∧ ϕ⟩ −

∑
e̊⊂M̊

∫
e̊
⟨Ad(h−1)(Ad((µTe )

−1)([[IIe]])) ∧ i∗e̊ϕ⟩

+
∑
p̊⊂M̊

∫
p̊
Θp⟨Ad(h−1)(Ad((AT

p,eµ
T
e )

−1)(wn−1
n )) ∧ i∗p̊ϕ⟩

=
∑
T⊆M

∫
T̊
⟨fT ∗

Ω ∧Ad(h)(ϕ))⟩ −
∑
e̊⊂M̊

∫
e̊
⟨Ad((µTe )−1)([[IIe]]) ∧Ad(h)(i∗e̊ϕ)⟩

+
∑
p̊⊂M̊

∫
p̊
Θp⟨Ad((AT

p,eµ
T
e )

−1)(wn−1
n ) ∧Ad(h)(i∗p̊ϕ)⟩

= ⟨⟨f∗Ωdist,Ad(h)(ϕ)⟩⟩

= ⟨⟨Ad(h−1)(f∗Ωdist), ϕ⟩⟩.

One nice consequence of Equation (2.16) is that, if K ⊆ M is compact, then there

exists a number CK < ∞ such that for all test forms ϕ having support contained in K,

|⟨⟨f∗Ωdist, ϕ⟩⟩| < CK supx∈M ∥ϕ(x)∥g. In other words, f∗Ωdist is a distribution, or more

specifically a current, of order 0. Additionally, since the curvature depends only on integrals

of ϕ over submanifolds of codimension ≤ 2, a coordinate-dependent H2 norm can be chosen

on K, and by the Rellich theorem, ∥f∗Ωdist∥H−2(K) <∞.

Another observation we can make is that the right-hand side of (2.16) evaluates to zero

if ϕ is instead symn×n(R)-valued, since all of the integrals are against so(n)-valued forms.

This supports the intuitive notion that f∗Ωdist is “so(n)-valued”, as so(n) and symn×n(R)

are orthogonal under the bilinear product we are using.
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The space of test forms can also be expanded to include discontinuous forms of a

particular type.

Definition 2. Consider a compactly supported so(n)-valued (n − 2)-form ϕ which is C2

on T̊ for each codimension-0 polytope T ⊆ M . Such a form will be called a compatible

so(n)-valued test form if the following conditions are satisfied:

1. For each T ⊆ M there exists a unique Lipschitz continuous extension of ΦT ∗
ϕ|T̊

to BT , which will be called ϕ̃T ∈ C0Ωn−2(BT ; so(n)). In other words, ΦT ∗
ϕ|T̊ has

uniformly bounded first derivatives in any coordinate chart. This implies i∗e̊ϕ|T :=

ΦT−∗
i∗
ΦT−1 (̊e)

ϕ̃T is a well-defined continuous extension of ϕ|T̊ . It also implies that if

dΦT (v) = 0, then v⌟ϕ̃T = 0 (this is relevant only on the boundary of BT ).

2. If e = T ∩ T ′ is a codimension-1 interface, then i∗e̊ϕ|T = i∗e̊ϕ|T ′. In other words,

[[i∗e̊ϕ]] = 0.

3. The form ψT
p
∗
ϕ̃T is basic for the fibration q : [0, 1] × p → p. More precisely, if

χT
s,p(x) := ψT

p (s, x), Then χ
T
s,p

∗
ϕ̃T = χT

0,p
∗
ϕ̃T for any s ∈ [0, 1]. In other words, i∗p̊ϕ|T

is well-defined and continuous on p, although ϕ itself may be discontinuous at p.

4. If ∆d ⊂ ∂M , then i∗
ΦT−1(∆̊d)

ϕ̃T = 0 for each T ⊃ ∆d. In other words, i∗∂Mϕ = 0.

The set of compatible test forms for the manifold M with mesh T will be called C(T ,M).

If ϕ is a compatible so(n)-valued test form, then the proofs in Sections 2.2.2-2.2.3

remain valid with the small modification of using ϕ̃T in place of ΦT ∗
ϕ. Note that items

(2) and (3) together imply that i∗p̊ϕ = χT
s,p

∗
ϕ̃T is well-defined independently of s and

T . A notable example of compatible test forms are the forms ϕij ⊗ ⋆f∗(θi ∧ θj), where

each ϕij : M → so(n), i, j = 1, 2, . . . , n, is a compactly supported continuous map that

is C2 on the interior of each codimension-0 polytope and vanishes on ∂M . The map

⋆ : Ω2(M) → Ωn−2(M) is, on each codimension-0 polytope T , the Hodge star operator

associated to the metric gT .
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2.2.5 Removing Frame-Dependency

While useful for analysis, (2.16) is inconvenient for many applications because it requires

knowledge of a specific compatible frame, which are not easy to construct or represent. The

purpose of this subsection is to remove this dependency by expressing the distributional

curvature in terms of endomorphism-valued forms. The cost is that the test forms must

be discontinuous and metric-dependent.

First, we can define a symmetric nondegenerate bilinear form on the vector space

End(TxM) = TxM ⊗ T ∗
xM by setting

⟨α⊗ v, β ⊗ w⟩ := α(w)β(v) (2.17)

for α, β ∈ T ∗
x (M), v, w ∈ TxM and extending multilinearly. Expressed in a basis {Fi}ni=1

and its dual basis {F i}ni=1, this would be ⟨Ai
jFi ⊗ F j , Bk

l Fk ⊗ F l⟩ = Ai
jB

j
i . Therefore,

picking any basis for TxM gives a linear isometry between gl(n) and End(TxM), by setting

F j(ϕ̂T (Fi)) := ϕji . The left-hand side of this equation could be more succinctly written

([ϕ̂]F )
j
i , where [ϕ̂]F is the matrix representation of the linear map ϕ̂ : TxM → TxM in the

basis F . In particular, for y ∈ BT , the orthonormal basis F T (y) gives a special isometry

ΨT
y : gl(n) → End(TΦT (y)M).

This pointwise isometry in turn defines a map Ψf from piecewise-continuous so(n)-

valued (n − 2)-forms to piecewise-continuous End(TM)-valued (n − 2)-forms, by setting

Ψf (ϕ)|x equal to ΨT
ΦT−1(x)

(ϕ|x) if x is in T̊ . Clearly, because ΦT
y is invertible for all y ∈ B̊T

and ΦT is a diffeomorphism when restricted to B̊T , Ψf is a bijection, with inverse given by

Ψ−1
f (ϕ̂)|x := (ΨT

ΦT−1(x)
)−1(ϕ̂|x).

Definition 3. Let f be a compatible frame. A compatible End(TM)-valued test form is

the image of a compatible so(n)-valued test form (see Definition 2) under the map Ψf . The

space of compatible End(TM)-valued test forms is denoted A(f, T ,M) := Ψf (C(T ,M)).

Several properties of End(TM)-valued test forms make them more suited to frame-
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independent computations.

Let y ∈ BT and h ∈ O(n), and let E be the basis of TΦT (y)M determined by F =

E · h. Then the adjoint action of h changes ΨT
y (u) by essentially changing the basis it is

represented in:

F j
(
ΨT

y (Ad(h)(u))(Fi)
)
= hjlu

l
k(h

−1)ki

= hjlF
l
(
ΨT

y (u)(Fk)
)
(h−1)ki

= hjlF
l
(
ΨT

y (u)(Fk(h
−1)ki )

)
= Ej

(
ΨT

y (u)(Ei)
)
. (2.18)

Since F T is continuous and Lipschitz on BT and ΦT ∗
ϕ|T̊ has a unique Lipschitz ex-

tension ϕ̃T on BT , there exists a unique Lipschitz extension of ΦT ∗
ϕ̂|T̊ to BT , which

at each point y ∈ BT is equal to ΨT
y (ϕ̃

T |y). We will use ϕ̂T to refer to this extension

of ΦT ∗
ϕ̂|T̊ . Similarly to the case for compatible so(n)-valued test forms, the pullback

i∗e̊ϕ̂|T := ΦT−∗
i∗
ΦT−1 (̊e)

ϕ̂T is a well defined continuous extension of ϕ̂|T̊ .

The two key properties we will need about compatible End(TM)-valued test forms are

proved in the following lemma.

Lemma 1. Let ϕ̂ = Ψf (ϕ) be a compatible End(TM)-valued test form. Then the following

change of basis equation holds for each T, T ′ ⊆M and e = T ∩ T ′:

[i∗e̊ϕ̂|T ]ET
e
= Ad

I 0

0 −1

([i∗e̊ϕ̂|T ′ ]ET ′
e

)
. (2.19)

Additionally, the following equation holds for each p ⊂ e ⊂ T such that ET
p,e has an

inward-pointing normal vector as its lastly entry:

[χT
s,p

∗
ϕ̂T ]ET

p,e
= Ad

(
exp

(
s rTp,ew

n−1
n

)) (
[χT

0,p
∗
ϕ̂T ]ET

p,e

)
. (2.20)

Here, χT
s,p is the map defined within condition 3 of Definition 2.
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Proof. By (2.18), at points x ∈ e = T ∩ T ′, we have on T that Ad((µTe )
−1)([i∗e̊ϕ̂|T ]ET

e
) =

i∗e̊ϕ = Ad((µT
′

e )−1)([i∗e̊ϕ̂|T ′ ]ET ′
e
), since ϕ is compatible. However, because µT

′
e =

I 0

0 −1

µTe ,
we have

Ad((µTe )
−1)

[i∗e̊ϕ̂|T ]ET
e
−Ad

I 0

0 −1

([i∗e̊ϕ̂|T ′ ]ET ′
e

) = 0

By applying Ad(µTe ) to both sides of this equation, we get Equation (2.19).

Similarly, the form [i∗p̊ϕ̂
T ]FT = i∗p̊ϕ is well-defined, in the sense that χT

s,p
∗
ϕ̃T does not

depend on s or T . Below we will use the shorthand F (s, x) = F T ◦ ψT
p (s, x).

By (2.18) and condition 3 of compatible frames, for any s ∈ [0, 1], we have

[χT
s,p

∗
ϕ̂T ]ET

p,e
= Ad

(
exp

(
s rTp,ew

n−1
n

)
AT

p,eµ
T
e

) (
[χT

s,p
∗
ϕ̂T ]F (s,·)

)
and

[χT
0,p

∗
ϕ̂T ]ET

p,e
= Ad(AT

p,eµ
T
e )([χ

T
0,p

∗
ϕ̂T ]F (0,·)).

Since χT
s,p

∗
ϕ̃T = χT

0,p
∗
ϕ̃T is one of the defining characteristics of a compatible so(n)-valued

test form and [χT
s,p

∗
ϕ̂T ]F (s,·) = χT

s,p
∗
ϕ̃T , the second equation can be substituted into the

first to obtain Equation (2.20).

A more intuitive way to understand what this lemma gives us is: rather than ϕ̂ itself

being continuous, we get that the matrix representations of ϕ̂ in special frames adapted

to the mesh are only allowed to have discontinuities in a special way, and except for the

dependence on rTp,e, the discontinuities do not depend on the frame f .

Just as for compatible test forms, an important class of compatible End(TM)-valued

test forms is given by the forms ϕklij(fk ⊗ f∗θl) ⊗ ⋆f∗(θi ∧ θj), where the coefficients ϕklij

are continuous compactly supported functions on M which are C2 on the interior of each

codimension-0 polytope and vanish on ∂M and which alternate in the k, l indices. These are

exactly the images of the forms ϕ′ij⊗⋆f∗(θi∧θj) under the map Ψf , where ϕ
′
ij :M → so(n)
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has the same continuity and smoothness as the maps ϕklij . Unlike the case for compatible

so(n)-valued test forms, the set of compatible End(TM)-valued test forms is in general

not a superset of the smooth End(TM)-valued test forms, as discontinuities in f can force

discontinuities in ϕ̂.

Note that if ϕ̂ ∈ A(f, T ,M), then ϕ̂ ∈ A(f · h, T ,M) for any continuous piecewise-C2

map h : M → O(n), so the dependence of A(f, T ,M) on the choice of frame is limited to

dependence on its discontinuities. Additionally, the validity of equations (2.19) and (2.20)

does not depend on the choice of tangent frames Ee and Ep, because if Ẽe is another choice

of orthonormal tangent frame for e, then ẼT
e = ET

e ·

h 0

0 1

 for some orthogonal matrix

h ∈ O(n− 1). Therefore, we have on Φ−1(̊e),

[i∗e̊ϕ̂
T ]ẼT

e
= Ad

h−1 0

0 1

([i∗e̊ϕ̂T ]ET
e

)
= Ad

h−1 0

0 1

I 0

0 −1

([i∗e̊ϕ̂T ′
]ET ′

e

)

= Ad

h−1 0

0 1

I 0

0 −1

h 0

0 1

([i∗e̊ϕ̂T ′
]ẼT ′

e

)

= Ad

I 0

0 −1

([i∗e̊ϕ̂T ′
]ẼT ′

e

)
.

Similar reasoning shows that if an alternative (similarly oriented) tangential orthonor-

mal frame Ẽp is chosen for p, then equation (2.20) is valid for [χT
s,p

∗
ϕ̂T ]ẼT

p,e
as well.

We may also define bijections ΨET
e
: C0Ωk(e; gl(n)) → C0Ωk(e; End(TM)) and ΨET

p,e
:

C0Ωk(p; gl(n)) → C0Ωk(p; End(TM)) in exactly the same way as Ψf , but using the frames

ET
e and ET

p,e defined on e and p respectively.

We can then define the following endomorphism-valued forms, which are a 2-form de-

fined on the codimension-0 polytope T , a pair of 1-forms defined on the codimension-1

polytope e = T ∩ T ′, and a 0-form defined on the codimension-2 polytope p ⊂ T ∩ e
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respectively:

R̂ := Ψf (f
∗Ω),

ÎI
T
e := ΨET

e
(IITe ),

ÎI
T ′

e := ΨET ′
e
(IIT

′
e ),

Θ̂T
p := ΨET

p,e
(Θpw

n−1
n ) = Θp(−n⃗⊗ ν⃗♭ + ν⃗ ⊗ n⃗♭).

Note that for consistency, when defining Θ̂T
p , we must take care to use the face e such

that ET
p,e has −n⃗T as its last vector, so that the rotation from ET

p,e to ET
p,e′ (e

′ being the

other codimension-1 face meeting p) is in the counterclockwise direction. Otherwise, as

mentioned at the end of section 2.2.3, the sign of Θp will need to flip.

In coordinates, these forms can explicitly be written as

⟨R̂fj , fi⟩T = fT
∗
Ωi
j ,

⟨ÎIe
T
(ET

e )j , (E
T
e )i⟩T =


0 if i, j < n,

⟨∇T ((ET
e )j), (E

T
e )i⟩T if i = n or j = n,

(2.21)

⟨Θ̂T
p (E

T
p,e)j , (E

T
p,e)i⟩T =


Θp if i = n, j = n− 1,

−Θp if i = n− 1, j = n,

0 otherwise.

Here ⟨·, ·⟩T and ∇T refer to the inner product and covariant derivative induced by the

metric gT , respectively.

Frame-independent expressions for R̂, ÎI
T
e , and Θ̂T

p are given in the lemma below.

Lemma 2. On each T ⊆ M , R̂ is the usual Riemann curvature tensor, i.e. it is the

End(TM)-valued 2-form given by

R̂(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z.
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On each e ⊂ T , ÎI
T
e is given as follows. For all x ∈ e̊, X,Y ∈ TxM , and Z ∈ Txe,

⟨ÎITe (Z)X,Y ⟩T = ⟨∇T
Z n⃗, Y ⟩T ⟨X, n⃗⟩T − ⟨∇T

Z n⃗,X⟩T ⟨Y, n⃗⟩T .

On each p ⊂ T , Θ̂T
p is the End(TM)-valued 0-form given by multiplying the angle defect

Θp times the infinitesimal generator of counterclockwise rotation in the plane orthogonal

to p in T .

Proof. The claims about R̂ and Θ̂T
p are clear from their definitions. To derive the formula

for ÎI
T
e , let Ei be shorthand for (ET

e )i, and let X = XiEi, Y = Y iEi, and Z = ZiEi.

Assume that Z is tangent to e, so that Zn = 0. Then

⟨∇T
Z n⃗, Y ⟩T ⟨X, n⃗⟩T − ⟨∇T

Z n⃗,X⟩T ⟨Y, n⃗⟩T

= Y i⟨∇T
ZEn, Ei⟩TXn −Xj⟨∇T

ZEn, Ej⟩TY n

= Xn⟨∇T
ZEn, Ei⟩TY i +Xj⟨∇T

ZEj , En⟩TY n

=

n∑
i,j=1

i=n or j=n

Xj⟨∇T
ZEj , Ei⟩TY i.

Above, we used the fact that ⟨∇T
ZEn, Ej⟩T = −⟨∇T

ZEj , En⟩T . We get the claimed result

upon comparison with (2.21).

If f is any compatible frame and ϕ̂ ∈ A(f, T ,M), then we define

⟨⟨R̂dist, ϕ̂⟩⟩ := ⟨⟨f∗Ωdist,Ψ
−1
f (ϕ̂)⟩⟩.

The following theorem gives a more explicit formula for R̂dist and demonstrates that

R̂dist is well-defined.

Theorem 2. If ϕ̂ ∈ A(f, T ,M) for some compatible frame f , then

⟨⟨R̂dist, ϕ̂⟩⟩ =
∑
T⊆M

∫
T̊
⟨R̂ ∧ ϕ̂⟩ −

∑
e̊⊂M̊

∫
e̊

[[
⟨ÎIe ∧ i∗e̊ϕ̂⟩

]]
+
∑
p̊⊂M̊

∫
p̊
⟨Θ̂p ∧ i∗p̊ϕ̂⟩. (2.22)
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Here
[[
⟨ÎIe ∧ i∗e̊ϕ̂⟩

]]
is defined as ⟨ÎITe ∧ i∗e̊ϕ̂|T ⟩ − ⟨ÎIT

′

e ∧ i∗e̊ϕ̂|T ′⟩, which is interpreted as the

jump in second fundamental form, while ⟨Θ̂p ∧ i∗p̊ϕ̂⟩ is defined as ⟨Θ̂T
p ∧ i∗p̊ϕ̂|T ⟩, where T is

any of the n-dimensional polytopes containing p as a face.

Proof. This follows fairly simply from the definitions (2.21) and the change of basis formula

(2.18). Let ϕ = Ψ−1
f (ϕ̂), which is a compatible test form. Then:

⟨R̂ ∧ ϕ̂⟩ = ⟨Ψ−1
f (R̂) ∧Ψ−1

f (ϕ̂)⟩ = ⟨fT ∗
Ω ∧ ϕ⟩

⟨ÎITe ∧ i∗e̊ϕ̂|T ⟩ = ⟨Ψ−1
ET

e
(ÎI

T
e ) ∧Ψ−1

ET
e
(i∗e̊ϕ̂|T )⟩ = ⟨IITe ∧Ad(µTe )(i

∗
e̊ϕ)⟩

⟨Θ̂T
p ∧ i∗p̊ϕ̂|T ⟩ = ⟨Ψ−1

ET
p,e
(Θ̂T

p ) ∧Ψ−1
ET

p,e
(i∗p̊ϕ̂|T )⟩ = ⟨Θpw

n−1
n ∧Ad(AT

p,eµ
T
e )(i

∗
p̊ϕ)⟩.

From here, we can apply the identity ⟨α∧Ad(h)(β)⟩ = ⟨Ad(h−1)(α)∧β⟩ which is valid

for so(n)-valued forms. The only complication arises from the jump in second fundamental

form. Note that because µT
′

e =

I 0

0 −1

µTe , we have

⟨Ad((µTe )−1)(IITe ) ∧ i∗e̊ϕ⟩−⟨Ad((µT ′
e )−1)(IIT

′
e ) ∧ i∗e̊ϕ⟩

= ⟨Ad((µTe )−1)(IITe )−Ad((µTe )
−1)(−IIT

′
e ) ∧ i∗e̊ϕ⟩

= ⟨Ad((µTe )−1)([[IIe]]) ∧ i∗e̊ϕ⟩

Note that, since i∗p̊ϕ̂|T is not single-valued due to (2.20), at first glance the last term

seems to have some ambiguity. However, Θ̂T
p is invariant under rotations of the normal

vectors ν⃗ and n⃗ with which it is defined. More precisely, if h = exp
(
s rTp,e(x)w

n−1
n

)
, then

[Θ̂T
p ]ET

p,e
= [Θ̂T

p ]ET
p,e·h−1 . So, because [χT

s,p
∗
ϕ̂T ]ET

p,e
= Ad(h)([χT

0,p
∗
ϕ̂T ]ET

p,e
) by (2.20) and
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ΨET
p,e

is an isometry, we have

⟨Θ̂T
p ∧ χT

s,p
∗
ϕ̂T ⟩ = ⟨[Θ̂T

p ]ET
p,e

∧ [χT
s,p

∗
ϕ̂T ]ET

p,e
⟩

= ⟨[Θ̂T
p ]ET

p,e
∧Ad(h)([χT

0,p
∗
ϕ̂T ]ET

p,e
)⟩

= ⟨Ad(h−1)([Θ̂T
p ]ET

p,e
) ∧ [χT

0,p
∗
ϕ̂T ]ET

p,e
⟩

= ⟨[Θ̂T
p ]ET

p,e·h−1 ∧ [χT
0,p

∗
ϕ̂T ]ET

p,e
⟩

= ⟨[Θ̂T
p ]ET

p,e
∧ [χT

0,p
∗
ϕ̂T ]ET

p,e
⟩

= ⟨Θ̂T
p ∧ χT

0,p
∗
ϕ̂T ⟩.

So, in (2.22), “i∗p̊ϕ̂|T ” could be thought of as a shorthand for χT
s,p

∗
ϕ̂T , where s may be any

convenient number in [0, 1]. Concretely, this means each x ∈ p̊ can be approached along a

ray of any convenient angle, and the result will be the same. Additionally, due to equation

(2.15), this term does not depend on the choice of T of which p is a face.

The right side of equation (2.22) does not depend on f at all, so as long as ϕ̂ ∈

A(f, T ,M) for some compatible frame f , this definition can be used to compute the distri-

butional curvature. The caveats on the integrals are the same as for (2.16): the integrals

over e̊ do not depend on the choice of T , but care must be chosen so that the integral is

evaluated with the orientation induced on e by the orientation of T , and the integrals over

p̊ must be evaluated using the orientation induced from the face e such that ET
p,e has an

inward-pointing normal vector as its last entry.

This expression has some close similarities with the densitized distributional curvature

investigated in [32]. In fact, the two expressions are equivalent, with the main difference

being the choice of how to represent the second fundamental form and which indices are

raised/lowered. See Appendix 5.2 for a proof. As explained in [32], various traces of this

distribution can be taken to obtain the Ricci curvature, Einstein tensor, and the scalar

curvature.
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2.3 Construction of Compatible Frames

Most of Section 2.2 would be meaningless if a compatible frame did not exist. In this

section, we will give a proof of the following theorem:

Theorem 3. Let g be a Regge metric for the mesh T such that each polytope T ⊆M has

a blow-up which is a closed convex polytope in Rn, and suppose there exists a C2 homotopy

of Regge metrics g(t) such that g(1) = g, g(0) =: g0 is a smooth metric, and there exists a

smooth g0-orthonormal frame f0. Then there exists a C2 homotopy of frames f(t) such that

f(0) = f0, f
T (t) is g(t)-orthonormal when restricted to each T , f(t) satisfies conditions 1,

2, and 3 of compatible frames, and the maps (t, x) 7→ F T (t)(x) vary continuously as maps

[0, 1]×BT → FGL(T ), where F
T is the blown-up frame from condition 1.

The general proof strategy is as follows: For each codimension-2 polytope p, we evolve

the frame Ep into a g(t)-orthonormal frame Ep(t). Then, for each codimension-1 polytope

e ⊃ p, we produce a frame Ee(t) whose associated matrix Ap,e is constant in time. Then, on

each codimension-0 polytope T , we use Lemma 4 (appearing below) to produce homotopies

of orthonormal frames F T (t) : BT → FO(T ) having the same matrices µTe as f0 does,

and rTp,e(t) = θTp (t) − θTp (0). The frames fT (t) = F T (t) ◦ ΦT−1
are then compatible by

construction.

First, we need a result that allows us to extend frames. This is a technical result that

ultimately relies on the fact that functions can be extended smoothly from closed sets. We

will specifically use the theorem as stated in [60] (see also [41, Lemma 2.26]), which can be

simplified for our purposes in the way detailed below. In the remainder of this section, we

will stop abusing terminology and use the word “polytope” to refer to a genuine polytope

(as opposed to the image of a polytope under a smooth embedding). Our reason for doing

so is that the extension procedure that we will soon describe takes place on the blow-up

BT , which we will assume to be a polytope. (In fact we will assume it to be convex.) We

will use the notation T̂ for polytopes below; ultimately we will take T̂ = BT when we begin
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constructing a compatible frame.

Theorem 4 ([60]). Let T̂ ⊂ Rn be a closed, convex polytope. If a : T̂ → R is a Cr function,

0 ≤ r ≤ ∞, then there exists a Cr extension A : Rn → R such that A|T̂ = a.

We will use this as the base of a lemma allowing us to extend partially defined functions

from the boundary of a polytope to the interior.

Lemma 3. Let T̂ ⊂ Rn be a closed, convex n-dimensional polytope. Denote by {êi}Ni=1 a

set of codimension-1 faces of T̂ , and let p̂ij := êi∩ êj. Then for any collection of Cr (r ≥ 1)

functions ai : êi → R such that ai|p̂ij = aj |p̂ij for all i, j, there exists a Lipschitz continuous

function A : T̂ → R such that A|êi = ai for each i and A|T̂\
⋃

i,j p̂ij
is a Cr function.

Note that if T̂ happens to be a manifold with corners, the Whitney extension theorem

can be used directly to produce an extension A which is globally Cr.

Proof. Per Theorem 4, each ai can be extended to a Cr function Ai : Rn → R. Since êi

is a convex polytope of dimension n − 1, it lies completely in a hyperplane Ei ⊂ Rn. Set

λi(x) := ±dist(x,Ei), where the sign is positive if x is on the same side of Ei as T̂ and

negative otherwise. This makes it an affine function.

Now let Λ̂i(x) =
∏

j ̸=i λ
j(x) and Λ̂ij(x) =

∏
k/∈{i,j} λ

k(x). The extension we seek is

A(x) =

∑
iA

i(x)Λ̂i(x)∑
i Λ̂i(x)

.

This function satisfies A|êi = ai, and A is Cr on the set such that all of the λi’s are

non-negative and no more than one of the λi’s is equal to zero, which is exactly the set

T̂\
⋃

i,j p̂ij .

All that remains is to prove that the first partial derivatives of A are bounded if ai|p̂ij =
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p̂ij x0

u

v x

γ
θ

Figure 2.1: A diagram of a possible configuration between x, a point on the interior of T̂ ,

and x0, the nearest point in p̂ij to x. The diagram pictured can be imagined as lying in

the intersection of T̂ with the plane containing x, x0, and x0 + u.

aj |p̂ij for all i, j. To do this, we compute (abandoning the Einstein summation convention)

dA =

∑
iA

i
∑

j ̸=i Λ̂ijdλ
j
(∑

i Λ̂i

)
−
(∑

iA
iΛ̂i

)(∑
i

∑
j ̸=i Λ̂ijdλ

j
)

(∑
i Λ̂i

)2 +

∑
i Λ̂idA

i∑
i Λ̂i

=

∑
i,j

∑
l ̸=i(A

i −Aj)Λ̂jΛ̂ildλ
l(∑

i Λ̂i

)2 +

∑
i Λ̂idA

i∑
i Λ̂i

.

Next note that for any x ∈ T̂ , and any pair of indices i, j, there exists a nearest point

x0 ∈ p̂ij to x. The difference x − x0 has a component u⃗ which is normal to T p̂ij and a

tangential component v⃗. Because p̂ij is a closed submanifold, the closest point x0 has the

property that either v⃗ = 0 or x0 lies on the boundary of p̂ij . In the latter case the angle

between u⃗ and x − x0 is less than γ − π
2 , where γ < π is the largest interior angle of the

polytope T̂ , and thus ∥v⃗∥ ≤ tan(γ − π
2 )∥u⃗∥ (see Figure 3.1 for a diagram).

In both cases, ∥x − x0∥ is bounded by a constant multiple of ∥u⃗∥, which is in turn

bounded by a constant multiple of |⟨n⃗i, u⃗⟩|+|⟨n⃗j , u⃗⟩|, since (n⃗i, n⃗j) are linearly independent

and normal to T p̂ij . λ
i(x) is exactly equal to −⟨n⃗i, u⃗⟩ since x0 ∈ ei, and similarly for λj .

Therefore there is a constant C such that ∥x− x0∥ ≤ C(λi(x) + λj(x)).

By the Taylor theorem, since Ai(x0) = Aj(x0) and A
i, Aj are both Cr and bounded on

T̂ , this implies there exists a constant M such that |Ai(x)−Aj(x)| ≤M(λi(x) + λj(x)).
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We can use this, together with the fact that ∥dAi∥ is bounded above by some constant

M ′ on T̂ and ∥dλl∥ = 1, to bound ∥dA∥:

∥dA∥ ≤
∑

i,j

∑
l ̸=i |Ai −Aj |Λ̂jΛ̂il∥dλl∥(∑

j Λ̂j

)2 +

∑
i Λ̂i∥dAi∥∑

j Λ̂j

≤M

∑
i,j

∑
l ̸=i(λ

i + λj)Λ̂jΛ̂il(∑
j Λ̂j

)2 +M ′
∑

i Λ̂i∑
j Λ̂j

.

Now we can use the fact that Λ̂jΛ̂il(λ
i + λj) = Λ̂l(Λ̂i + Λ̂j), so

∥dA∥ ≤M

∑
i,j

∑
l ̸=i Λ̂l(Λ̂i + Λ̂j)(∑

j Λ̂j

)2 +M ′ ≤ 2MN +M ′

This gives an upper bound for ∥dA∥ on the interior of T̂ , so A is a Lipschitz function.

We will use the above lemma to extend evolving frames defined on faces of a convex

polytope T̂ to the interior of the polytope. In the statement of the next lemma, the pulled

back frame bundle Φ∗FGL(T ) is the bundle over T̂ such that the fiber over x ∈ T̂ is the

set of bases for TΦ(x)(T ). Furthermore, Sd(T̂ ) refers to the codimension-d stratum of T̂ ,

which is the union of the relative interiors of faces of T̂ that have codimension d.

Lemma 4. Let T̂ ⊂ Rn be a closed convex polytope of dimension n and Φ : T̂ → M a

continuous embedding that is smooth on T̂\
⋃

d≥2 Sd(T̂ ). We will refer to the image of Φ

by T . Let g(t) be a C2 (in both space and time) nondegenerate symmetric bilinear form on

T for t ∈ [0, 1], and let g0 = g(0). Suppose that the following are true:

1. There are C2 (in both space and time) frames f(t)|êi : êi → Φ∗FGL(T ), defined on

some subset {êi}Ni=1 of the codimension-1 faces of T̂ .

2. For each i, j ∈ 1, . . . , N , f(t)|êi(x) = f(t)|êj (x) for all t ∈ [0, 1] and x ∈ p̂ij = êi ∩ êj,

and d
dt [g(t)((f(t)|êi)j , (f(t)|êi)k)] = 0 for all i, j, k, t.
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3. There is a smooth g0-orthonormal frame f0 : T̂ → Φ∗FGL(T ) such that f0(x) =

f(0)|êi(x) for all i and all x ∈ êi.

Then there is a C2 homotopy of frames f(t) : T̂ → Φ∗FGL(T ) which is C2 on T̂\
⋃

i,j p̂ij

such that f(t)(x) = f(t)|êi(x) for all i and all x ∈ êi, f(0)(x) = f0(x) for all x ∈ T̂ ,

d
dt [g(t)(f(t)j , f(t)k)] = 0 for all j, k, t, and f(t) is Lipschitz continuous for each t.

Proof. The proof will proceed as follows. We derive an ordinary differential equation for

the change of basis u : [0, 1]× T̂ → GL(n) so that f0 · u(t) is g(t)-orthonormal, show that

it has solutions for all time, and design the free parameters of the equation so that the

solution is C2 and Lipschitz in space and agrees with f(t)|êi .

Suppose, first, that a frame f(t) satisfies d
dt [g(t)(f(t)j , f(t)k)] = 0 for all j, k. Then let

u(t) : T̂\
⋃

i,j p̂ij → GL(n) be the unique matrix such that f(t) = f(0) ·u(t). The condition

we have placed on f(t) will allow us to find an ordinary differential equation for u. Let

g̃(t)ij := g(t)(f(t)i, f(t)j), and σ̃(t)ij := ġ(t)(f(0)i, f(0)j), both symmetric matrices. Then

expanding out the inner products, we get

∂g̃(t)ij
∂t

=
d

dt
[uki u

l
jg(t)(f(0)k, f(0)l)]

= u̇ki u
l
jg(t)(f(0)k, f(0)l) + uki u̇

l
jg(t)(f(0)k, f(0)l)

+ uki u
l
j ġ(t)(f(0)k, f(0)l)

= (u−1)mk u̇
k
i g(t)(f(t)m, f(t)j) + (u−1)ml u̇

l
jg(t)(f(t)i, f(t)m)

+ uki u
l
j σ̃(t)kl

= (u−1u̇)mi g̃mj + (u−1u̇)mj g̃mi + (u⊺σ̃(t)u)ij

= [g̃u−1u̇+ (g̃u−1u̇)⊺ + u⊺σ̃(t)u]ij

= [(g̃u−1u̇+
1

2
u⊺σ̃(t)u) + (g̃u−1u̇+

1

2
u⊺σ̃(t)u)⊺]ij .

This shows that the condition ∂g̃
∂t = 0 is equivalent to the condition that g̃u−1u̇ +

1
2u

⊺σ̃(t)u is a skew-symmetric matrix, which we will call K. Put another way, for any

skew-symmetric matrix-valued map K : [0, 1]× T̂ → so(n), the equation
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u̇ = ug̃−1(K − 1

2
u⊺σ̃(t)u) (2.23)

holds if and only if ∂g̃
∂t = 0. Assuming f(0) is g(0)-orthonormal, this is equivalent to

saying that f(t) is g(t)-orthonormal for all t, and hence g̃ = η = diag(1, . . . , 1,−1, . . . ,−1)

with the number of negative elements equal to some number k and the number of positive

elements equal to n− k.

In the next few paragraphs, we will argue that (2.23) admits a unique solution u :

[0, 1]× T̂ → GL(n) for any Lipschitz choice of K. We start by constructing a solution for

one particular choice of K, and then we leverage it to construct solutions for other choices

of K.

Let G̃(t)ij := g(t)(f0i, f0j). If X(t) is the LDL square root of G̃(t)−1, so G̃(t)−1 =

XT ηX, then f0 · X(t) is a g(t)-orthonormal frame which is C2 in space and time. Thus,

X satisfies equation (2.23) with some matrix-valued function K ′ : [0, 1]× T̂ → so(n).

Now consider the differential equation

V̇ = V ηK − ηK ′V. (2.24)

We claim that if V : [0, 1]× T̂ → O(n− k, k) satisfies (2.24), then u = XV satisfies (2.23).

This is straightforward to verify:

u̇ = ẊV +XV̇

= Xη(K ′ − 1

2
X⊺σ̃X)V +X(V ηK − ηK ′V )

= XηK ′V − 1

2
(uV −1)η(uV −1)⊺σ̃u+ uηK −XηK ′V

= uηK − 1

2
uV −1ηV −⊺u⊺σ̃u

= uη(K − 1

2
V ⊺V −⊺u⊺σ̃u)

= uη(K − 1

2
u⊺σ̃u).

Note that for fixed x ∈ T̂ , the right-hand side of (2.24) is the time-dependent vector

field W (V, t) = V ηK(t) − ηK ′(t)V on the manifold O(n − k, k), and at each time it is
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also linear as a map Mn×n(R) → Mn×n(R), so if K,K ′ : [0, 1] × T̂ → so(n) are Lipschitz

continuous in time then there exists a unique solution V : [0, 1]× T̂ → O(n−k, k) satisfying

(2.24). If, in addition, K and K ′ are Lipschitz, C2 in space, and C1 in time when restricted

to [0, 1]× (T̂\
⋃

i,j p̂ij), then V is C2 and Lipschitz in both space and time when restricted

to the same set. We already know that K ′ satisfies all these conditions (because X is in

the same differentiability class as G), so we just need to choose K appropriately.

Since we have C2 frames f(t)|êi on the faces êi, which are single-valued at p̂ij , and
dg(t)((f(t)|êi )j ,(f(t)|êi )k)

dt = 0, there are C2 matrix-valued maps ui : [0, 1] × êi → GL(n) and

Ki : [0, 1]×êi → so(n) which are single-valued on p̂ij and satisfy ηui
−1
u̇i+ 1

2u
i⊺σ̃(t)ui = Ki.

By Lemma 3, theKi’s can be extended (by extending each coordinate) to a continuous map

K : [0, 1]× T̂ → so(n) which is C2 and has bounded first derivatives on [0, 1]×(T̂\
⋃

i,j p̂ij).

This is sufficient to assert the existence of a unique family of maps u(t) : T̂ → GL(n)

satisfying u̇ = uη(K − 1
2u

⊺σ̃(t)u) for t ∈ [0, 1] and x ∈ T̂ , u(0) = I, and u(t)|êi = ui(t)

(since the solution to this ordinary differential equation is unique at each x ∈ êi). By the

smooth dependence on parameters, u also has continuous second spatial derivatives when

restricted to [0, 1]× T̂\
⋃

i,j p̂ij and is Lipschitz on [0, 1]× T̂ .

Corollary 1. Let T , g(t), and f0 be as above. Then there exists a C2 homotopy of C2

frames f(t) : T → FGL(T ) such that f(0) = f0 and ∂
∂tg(t)(fi(t), fj(t)) = 0.

Proof. In the proof of Lemma 4, T̂ can be set equal to T and Φ can simply be the identity

map. We no longer have any boundary conditions on f(t)|êi . Then choosing a C2 map

K : [0, 1] × T → so(n) is enough to produce a solvable o.d.e. for u. K = 0 is a valid

choice.

Proof of Theorem 3. Firstly, for each p ⊂M , pick a frame Ep0 for Tp which is g0-orthonormal

and let Ep(t) = (τ1, . . . , τn−2) be a C2 homotopy of g(t)-orthonormal frames on p which

are C2 in space and such that Ep(0) = Ep0. These frames could be found by applying

Corollary 1. As usual, extra g(t)-orthonormal vectors can be appended to Ep(t) to pro-
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Figure 2.2: Blow-up of a solid tetrahedron. The regions shaded red are the sets ΦT−1(p̊)

for the codimension-2 faces p ⊂ T . The frames F T (t)|p are defined on these regions, and

the frames Ẽe(t)|p are defined on the long sides of these regions.

duce frames Ep,e(t) = (τ1, . . . , τn−2, ν⃗) and ET
p,e(t) = (τ1, . . . , τn−2, ν⃗, n⃗) which are in the

same differentiability class and satisfy Ep,e(0) = Ep,e0 E
T
p,e(0) = ET

p,e0 for each p ⊂ e ⊂ T .

Also let Ee0 be a g0-orthonormal frame on e and ET
e0 be the same frame with the outward

unit normal appended, and let Ap,e : p→ O(n−1) be the map such that Ee0 = Ep,e0 ·Ap,e,

and likewise let AT
p,e : p→ O(n) be the map such that ET

e0 = ET
p,e0 ·AT

p,e.

For each codimension-1 face e and codimension-2 face p ⊂ e, let Ẽe(t)|p : ΦT−1(p̊) ∩

ΦT−1(̊e) → FO(e) be defined by the relation Ẽe(t)|p(x) = Ep,e(t)(Φ
T (x)) · Ap,e(Φ

T (x)),

and let Ẽe0 : ΦT−1(̊e) → FO(e) be defined by Ẽe0(x) = Ee0(Φ
T (x)). Since the sets

ΦT−1(p̊) ∩ ΦT−1(̊e) for differing p are all disjoint and Ẽe(0)|p = Ẽe0, by Lemma 4, there

exists a smooth map Ẽe(t) : ΦT−1(̊e) → FO(e) which extends Ẽe(t)|p for each p ⊂ e and

such that Ẽe(0) = Ẽe0. The outwards normal vector can be appended to obtain ET
e (t).

Define F T (t)|e : ΦT−1(̊e) → FO(T ) by F
T (t)|e(x) := ẼT

e (t)(x) · µTe (ΦT (x)). Note that
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F T (0)|e(x) = ΦT ∗
f0(x) for all x ∈ ΦT−1(̊e).

Next it is time to define F T (t)|p for codimension-2 faces p of T . It needs to agree with

F T (t)|e wherever both frames are defined. Due to the fact that we are keeping µTe and

AT
p,e constant and we want F T (t) to be compatible, the only question is what the function

rTp,e(t) : p→ R should be. Note that equation (2.13) is equivalent to

E
Tj
p,ej (t) · exp

(
r
Tj
p,ej (t)w

n−1
n

)
A

Tj
p,ejµ

Tj
ej = E

Tj
p,ej+1(t) ·A

Tj
p,ej+1µ

Tj
ej+1 .

In other words, it is equivalent to F T (t)|e being equal to F T (t)|p wherever both are defined.

Since the matrices µTe and AT
p,e are held fixed for the entire evolution, we require r

Tj
p,ej (t)−

θ
Tj
p (t) to be constant. Since r

Tj
p,ej (0) = 0, this means r

Tj
p,ej (t) = θ

Tj
p (t)− θ

Tj
p (0).

Now we bring it all together. F T (t)|p and F T (t)|e are defined and C2 on faces of

the polytope BT ⊆ Rn and single-valued everywhere, therefore they can be extended, for

each t, to a section F T (t) : BT → ΦT ∗FO(T ) which remains orthonormal for all t, is C2

on BT \EBT
, and has bounded derivatives on B̊T . This frame is C2 in time and satisfies

F T (0) = ΦT ∗
f0. Lastly, set f

T (t)(x) = F T (t)(Φ−1(x)) for x ∈ S0(T )∪S1(T ). The resulting

frame satisfies properties 1-3 of a g(t)-compatible frame by construction, and fT (0) = f0,

so f(1) is a compatible frame.

One feature of this proof is that it suggests that the only obstruction for a frame

satisfying conditions 1-3 of a compatible frame to also satisfy the fourth condition is the

existence of a homotopy g(t) between g and a continuous metric g0 such that θ
Tj
p (0) =

θ
Tj
p (1)− r

Tj
p,ej (1) for all p, j.

2.4 Generalized Gauss-Bonnet Theorem

In this section we will work out what happens when we remove the restriction that i∗∂Mϕ =

0, in the case that n = 2 andM is a manifold with corners rather than a general polyhedral

manifold. In this context can derive a generalization of the Gauss-Bonnet theorem.
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When specialized to 2 dimensions, the expression (2.16) simplifies considerably, since

so(2) and Λ2(M) are both one-dimensional. In this case there exists a functionKT : T → R

such that ΩT = KTw2
1 ⊗ dAT , where dAT is the positively oriented volume form on T

induced by the metric gT . KT is precisely the Gauss curvature, and does not depend on

fT . Additionally, the adjoint action is trivial on so(2), and if h is a smooth SO(2)-valued

function which is a rotation by the angle θ, then h−1dh is equal to

 0 −dθ

dθ 0

 = w1
2 ⊗ dθ.

To make use of these simplifications, let us evaluate ⟨⟨f∗Ωdist,
1
2ϕw

2
1⟩⟩ when ϕ is an

arbitrary smooth function on M . All of the steps in Section 2.2.2) are the same up until

Equation (2.10), where we need to add some boundary terms. Without loss of generality

we can assume that fT is always positively oriented and, for all e ⊂ ∂M , ET
e = (τe, n⃗e)

where n⃗e is the outward-pointing normal vector to e and τe is the unit tangent vector that

makes the frame positively oriented. Therefore the matrices µTe , when e ⊂ ∂M , are just

rotations by some angle µ̄e.

The first boundary terms come from the integrals along codimension-1 edges e ⊂ ∂M ,

and they are equal to

−
∑

e⊂∂M

∫
e̊

1

2
⟨f∗ω ∧ ϕw2

1⟩ = −1

2

∑
e⊂∂M

∫
e̊
⟨
(
µTe

−1
dµTe +Ad(µTe

−1
)(IITe )

)
∧ ϕw2

1⟩ (2.25)

= −1

2

∑
e⊂∂M

∫
e̊
ϕ⟨
(
w1
2 ⊗ dµ̄e + IITe

)
∧ w2

1⟩

= −
∑

e⊂∂M

∫
e̊
ϕ(dµ̄e + (IITe )

2
1).

The other boundary terms come from the integrals along codimension-2 points p ∈ ∂M ,

and following equation (2.12), they can simply be expressed as

−
∑

p∈∂M

1

2
⟨
∑
T∋p

Ad((AT
p,eµ

T
e )

−1)(rTp,ew
1
2) ∧ ϕw2

1⟩ = −1

2

∑
p∈∂M

ϕ(p)⟨
∑
T∋p

rTp,ew
1
2, w

2
1⟩

= −
∑

p∈∂M
ϕ(p)

∑
T∋p

rTp,e.
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We will now assume that the frame f was constructed as in Theorem 3, meaning the

homotopy of frames is constructed such that the matrices µTe (t) are constant throughout

the evolution. We will also assume that a counterclockwise enumeration of the triangles

T1, . . . , Tk and edges e1, . . . , ek+1 incident to p ∈ ∂M is chosen much like in 2.2.3, with the

notable difference that e1 and ek+1 are only tangent to the triangles T1 and Tk respectively.

One of the key facts for the proof of Theorem 3 is that r
Tj
p,ej (t) = θ

Tj
p (t) − θ

Tj
p (0).

However, since f(0) is continuous,
∑k

j=1 θ
Tj
p (0) is equal to the jump in angle between

f(0) and the two frames (τek+1
, n⃗ek+1

) and (−τe1 ,−n⃗e1). In other words,
∑k

j=1 θ
Tj
p (0) =

2πmp + π + µ̄ek+1
(0) − µ̄e1(0) for some integer mp. The 2πmp term is necessary because

µ̄ej (0) is only well defined up to addition by 2π. The quantity µ̄ek+1
− µ̄e1 + 2πmp will

from now on be shortened to [[µ]]|p. Since these angles are kept fixed through the whole

evolution, we get
∑k

j=1 r
Tj
p,ej = −[[µ]]|p−π+

∑k
j=1 θ

Tj
p . So the additional angle defect terms

take the form

−
∑

p∈∂M
ϕ(p)

∑
T∋p

rTp,e =
∑

p∈∂M
ϕ(p)

[[µ]]|p + π −
∑
T∋p

θTp

 . (2.26)

Synthesizing (2.25) and (2.26) into the expression for ⟨⟨f∗Ω, 12ϕw
2
1⟩⟩, we can define the

distributional Gauss curvature:

⟨⟨Kdist, ϕ⟩⟩ := ⟨⟨f∗Ωdist,
1

2
ϕw2

1⟩⟩+
∑

e⊂∂M

∫
e̊
ϕdµ̄e −

∑
p∈∂M

ϕ(p)[[µ]]|p (2.27)

=
∑
T⊆M

∫
T̊
KTϕdA−

∑
e̊⊂M̊

∫
e̊
ϕ[[IIe]]

2
1 +

∑
p∈M̊

Θpϕ(p)

−
∑

e⊂∂M

∫
e̊
ϕIIe

2
1 +

∑
p∈∂M

π −
∑
T∋p

θTp

ϕ(p).

This quantity is frame-independent and identical to the densitized distributional Gauss

curvature investigated in [6, 27]. The fact that the frame dependence of the distributional
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curvature is concentrated in boundary terms is reminiscent of the following formula that

is valid for a smooth metric and smooth frame, obtained from integration by parts:∫
M
f∗ω1

2 ∧ dϕ =

∫
M̊
ϕKdA−

∫
∂M\EM

ϕf∗ω1
2.

Therefore we can interpret the boundary components of the distributional curvature

as being a distributional version of the connection one-form pulled back to the boundary.

The analogue of
∫
∂M\EM

ϕf∗ω1
2 above would be given by

∑
e⊂∂M

∫
e̊
ϕ(dµ̄e − kds)−

∑
p∈∂M

([[µ]]|p + π −
∑
T∋p

θTp )ϕ(p),

where k = ⟨∇τ n⃗, τ⟩ = −IIe
2
1(τ) is the geodesic curvature of e and ds = τ ♭ is the induced

Riemannian length form on e.

Note also that, although the numbers µ̄e and mp are not well defined, [[µ]]|p can often

be known in practical scenarios because we may impose constraints on the smooth metric

that g is meant to approximate. Sometimes these constraints are dictated by topology. For

instance, if we know that M is a manifold with boundary but no corners, then [[µ]]|p = 0

for all p, because µ̄ must not have any discontinuities in the smooth metric. The form dµ̄e,

meanwhile, is actually well-defined for any compatible frame on any manifold.

The distributional Gauss-Bonnet functional can be used to derive the Gauss-Bonnet

theorem for compact 2-dimensional Regge manifolds:

Theorem 5. The following equation is true:

∑
T⊆M

∫
T̊
KTdA+

∑
e̊⊂M̊

∫
e̊
[[k]]ds+

∑
p∈M̊

Θp +
∑

e⊂∂M

∫
e̊
kds+

∑
p∈∂M

(π −
∑
T∋p

θTp ) = 2πχ(M).

Note that, in the case that g is a smooth metric, this theorem reduces to the classical

Gauss-Bonnet theorem. Also note that we are using different sign conventions for the

geodesic curvature k than some authors do.

Proof. We will prove this theorem by calculating ⟨⟨Kdist, 1⟩⟩. Note that, since [ω, ω] = 0 in
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the case that n = 2, we have (for any compatible frame f obtained from a smooth frame

f(0) as in Theorem 3)

⟨⟨Kdist, 1⟩⟩ = ⟨⟨f∗Ωdist,
1

2
w2
1⟩⟩+

∑
e⊂∂M

∫
e̊
dµ̄e −

∑
p∈∂M

[[µ]]|p

= ⟨⟨df∗ω, 1
2
w2
1⟩⟩+

∑
e⊂∂M

∫
e̊
dµ̄e −

∑
p∈∂M

[[µ]]|p

=
∑
T⊆M

∫
T̊
⟨fT ∗

ω ∧ 1

2
w2
1 ⊗ d(1)⟩+

∑
e⊂∂M

∫
e̊
dµ̄e −

∑
p∈∂M

[[µ]]|p

=
∑

e⊂∂M

∫
e̊
dµ̄e −

∑
p∈∂M

[[µ]]|p.

Meanwhile, we also have

⟨⟨Kdist, 1⟩⟩ =
∑
T⊆M

∫
T̊
KdA+

∑
e̊⊆M̊

∫
e̊
[[kds]] +

∑
p∈M̊

Θp

+
∑

e⊂∂M

∫
e̊
kds+

∑
p∈∂M

π −
∑
T∋p

θTp

 .

Therefore

∑
T⊆M

∫
T̊
KTdA+

∑
e̊⊆M̊

∫
e̊
[[kds]] +

∑
p∈M̊

Θp +
∑

e⊂∂M

∫
e̊
kds+

∑
p∈∂M

π −
∑
T∋p

θTp


=
∑

e⊂∂M

∫
e̊
dµ̄e −

∑
p∈∂M

[[µ]]|p.

The theorem is almost proved. All we need now is to show that
∑

e⊂∂M

∫
e̊ dµ̄e −∑

p∈∂M [[µ]]|p = 2πχ(M). Note that µ̄ and mp are the same quantities for the smooth g(0)-

orthonormal frame f(0). The Gauss-Bonnet theorem for smooth metrics implies that, if

we were to evaluate the distributional Gauss-Bonnet functional for the smooth metric g(0)

and smooth frame f(0), we must get 2πχ(M) for this term.
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Chapter 3

Finite Elements on Regge

Manifolds

3.1 Introduction

The analysis of finite element methods on manifolds is a fascinating and quite difficult

problem. It is key to producing efficient algorithms for solving PDEs which naturally lie

on a surface or which have a natural metric associated to them, such as small vibrations

of a curved surface [30], diffusion on a curved surface [23], and thin-film or shallow-water

approximations of the Navier-Stokes equations on curved spaces (such as the surface of

the Earth) [53]. Numerical discretizations of such PDEs that automatically respect key

topological, analytic, and geometric aspects of their domain, such as those appearing in

the Finite Element Exterior Calculus (FEEC) framework [2, 3], are highly desirable due

to their wide applicability. Although robust convergence theorems have been developed

for various types of discretizations of PDEs on Riemannian manifolds and approximations

of Riemannian manifolds [21, 22, 36], typically these theorems have been directed toward

embedded hypersurfaces in Rn, where the metric is inherited from Euclidean space. (A

notable exception is [17], where compact manifolds are treated without reference to an em-
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bedding.) However, this restricts the class of manifolds which may be treated, in particular

it excludes (n − 1)-dimensional manifolds which do not possess a natural embedding (or

any embedding at all) into Rn.

Recently, Martin Licht has described commuting cochain projections for FEEC on

manifolds [43], building upon the foundational work of Holst and Stern [36] and providing

the first (to our knowledge) complete proof of the convergence of a finite element method

for the Hodge-Laplace problem on manifolds. Our work mostly runs in parallel, with the

notable exception that we take the existence of commuting cochain projections as given.

However, our treatment of mesh quality measures as well as the setup of the computational

problem diverge. We treat the true metric and the approximate metric as existing on

the same smooth manifold M and perform all the analysis intrinsically. The approximate

metric is a Regge metric, that is, a piecewise-smooth metric with some continuity properties.

Much of this paper is devoted to building and using machinery for finite elements on

manifolds with Regge metrics.

Our initial motivation for studying intrinsic approximations of the Hodge-Laplace prob-

lem stemmed from trying to solve another problem that, at the outset, seemed much simpler

than it was. On a 2-dimensional Riemannian manifoldM which has trivial homology, there

is a unique frame such that the corresponding connection form is co-exact. This means it

is possible to pose the problem of finding the corresponding connection form as a Hodge-

Laplace problem on M with an appropriate source term and boundary conditions. Most

interestingly the form, but not its corresponding frame, can be computed only knowing the

Gaussian curvature of M and the angle that the frame makes with the normal vector on

∂M . We show how to do this in Section 4. Then we prove convergence of a corresponding

numerical scheme in Section 5.

Regge metrics, especially their associated quantities such as curvature and connec-

tions, have been studied extensively [6, 14, 15, 27–29, 31–33], often in the context of

numerical general relativity and nonlinear elasticity [16, 42, 49, 52]. We are unaware of
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any existing work using a Regge metric to approximate the Hodge-Laplace equation with

a metric-dependent source term as we have done (although Regge calculus has been used

for discrete approximations of the Laplacian in the physics literature [12]), however it is a

relatively simple matter to specialize the abstract theory of geometric variational crimes

once the necessary background is established. The geometric error incurred depends only

on quantities intrinsic to M , and local coordinates may be used to take advantage of exist-

ing finite element spaces and their approximation properties. We take this up in Section

3.

One key thing that distinguishes our analysis from prior work is our adherence to

intrinsic calculations. We take the point of view that all convergence results for a system

posed in a manifold should be stated in terms of quantities intrinsic to the manifold,

wherever possible avoiding the use of coordinate-dependent expressions. This means that

much of the basic theory, as well as scaling arguments, is much more involved than it

otherwise would be. It is our belief, however, that these are necessary steps to decouple

as much as possible the description of the computational mesh from the geometry of the

problem. In Section 3.2 we state and/or prove some elementary properties of the L2, H(d)

(meaning those L2 differential forms which have an L2 exterior derivative), and H1 spaces

of differential forms on manifolds with Regge metric and the trace and inverse inequalities

for curved elements, as well as fairly ad-hoc, though in our context quite natural, definitions

of shape regularity and quasi-uniformity of simplicial meshes. Our bounds do not depend

on any embedding of the manifold into an ambient space or any coordinate-dependent

expressions, although we do also provide weaker bounds in terms of coordinate-dependent

expressions.

Computing connection forms. As we alluded to above, finding/justifying the appro-

priate discretization of the connection form problem was a deceptively involved process.

The difficulty stems from the source term and boundary conditions, which must be treated

with great care to produce a well-posed and convergent numerical discretization. Our ef-
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forts spurred us to write down a generalized Gauss-Bonnet Theorem for manifolds with

Regge metrics in Chapter 2 of this dissertation. With the appropriate source term and

boundary conditions, the convergence analysis of our numerical scheme can be carried out

with the help of existing work on the distributional scalar curvature of manifolds with

Regge metrics. In Section 3.5 we rigorously prove the convergence of the computed con-

nection form in our intrinsic setting. We briefly demonstrate numerical convergence for a

simple model problem at the end.

It is natural to wonder whether the computed connection form has any practical uses.

In fact it does; our preliminary work indicates that one can leverage it to compute the

spectrum of the Bochner Laplacian. (Recall that the Bochner Laplacian, which differs

from the Hodge Laplacian, is constructed by composing the covariant derivative with its

L2-adjoint.) We plan to pursue this in future work.

Notation. In this chapter, we are concerned primarily with simplicial complexes, mean-

ing every polytope in the mesh T (see Section 1.3) is a simplex.

Frequently we will take norms of matrices of 1-forms/matrix-valued 1-forms. The no-

tation ∥ · ∥ ,g will mean the norm of type (e.g., the matrix 2-norm ∥ · ∥2, Frobenius norm

∥ ·∥F , ∞-norm ∥ ·∥∞, or maximum-entry norm ∥ ·∥m) maximized over the set of all norm-1

input vectors V , as measured by g. Specifically, ∥A|x∥ ,g = supV ∈Tx(M),V ̸=0
∥A(V )∥
∥V ∥g .

A quantity in double brackets [[X]] has double meaning: when the quantity is evaluated

along a facet shared by two simplices, [[X]] := X+ − X−, where X+ is evaluated using

the metric on one side and X− is evaluated using the metric on the other side, both with

the corresponding induced orientations on the boundaries of each simplex. In the case

that the quantity is evaluated along a positively oriented edge that lies in the boundary

of only one simplex, [[X]] := X+. In the case that the quantity is evaluated at a corner

p of a 2-dimensional triangle T , [[X|T ]] := X+ −X− where X+ is the quantity evaluated

on the “counterclockwise” side and X− is the quantity evaluated on the “clockwise” side

intersecting at p, with the order given by the orientation on T . In one instance, the jump
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notation is used to refer to the jump of a scalar quantity across a corner on the boundary

in the same way.

For two normed spacesX and Y , ∥·∥L(X,Y ) is the operator norm on linear mapsX → Y .

3.2 Sobolev Spaces on Manifolds with Regge Metrics

3.2.1 Regge Metrics and Their L2, H(d), and Broken H1 Spaces

In this section we collect some properties of spaces of differential forms on manifolds with

Regge metrics. The development is quite similar to those in [43, 56], but adapted for Regge

metrics. We will therefore omit some details for brevity.

We begin by describing the inner product induced by the metric gT on Λk
x(T ) for every

T ⊆ M,x ∈ T, k ∈ N. This inner product in turn is induced from the inner product on

T ∗
x (T ):

⟨α, β⟩ := α(β♯),

where β♯ is the unique element of Tx(T ) such that, for all V ∈ Tx(T ), gT (β
♯, V ) = β(V ).

The inner product on Λk
x(T ) is then defined by

⟨α1 ∧ · · · ∧ αk, β1 ∧ · · · ∧ βk⟩ :=
∑
σ∈Sk

sign(σ)
k∏

i=1

⟨αi, βσ(i)⟩

and extending multilinearly. This inner product induces the usual corresponding norm

∥α∥ :=
√
⟨α, α⟩. Notably, the inner product of covectors is dual to the contraction of

vector fields: α(X1, . . . , Xk) = ⟨α,X♭
1 ∧ · · · ∧X♭

k⟩, where ♭ denotes the inverse of ♯, so the

induced norm is the same as the operator norm on (

k∧
Tx(T ))

∗ ∼= Λk
x(T ).

Another, often more convenient, way to write the inner product of two alternating k-

covectors is to use the Hodge star, which is defined in terms of the aforementioned inner

product. We set ⋆α to be the (n−k)-covector such that ⟨β, α⟩dV = β∧⋆α for all β ∈ Λk
x(T ),

where dV is the volume form induced by g. This map is clearly an invertible isometry, and

its inverse is in fact (−1)k(n−k)⋆.
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Lastly we note that the natural tensor product metric ⟨α ⊗ β, γ ⊗ δ⟩ := ⟨α, γ⟩⟨β, δ⟩

can be used to extend this inner product to T ∗
x (T )

⊗p ⊗ Λk
x(T ). We will use the shorthand

Λp,k
x (T ) := T ∗

x (T )
⊗p⊗Λk

x(T ). Similarly, Λp,k(T ) := T ∗(T )⊗p⊗Λk(T ). The space of smooth

sections T → Λp,k(T ) will be denoted C∞Ωp,k(T ), and the subspace of compactly supported

smooth sections T → Λp,k(T ) will be denoted C∞
c Ωp,k(T ).

A set X ⊆M is Σ-measurable if ϕ(X ∩U) is Lebesgue measurable for each coordinate

chart (U, ϕ) of M . The condition of being measurable is preserved by smooth coordinate

changes, so this is a well-defined σ-algebra Σ onM , and it is additionally a Borel σ-algebra.

A Σ-measurable k-form is a sectionM → Λk(M) whose coefficients in each coordinate chart

are measurable functions Rn → R∪{±∞}. Again this condition is invariant under smooth

coordinate changes, so it makes sense.

A Σ-measurable k-form α is locally integrable if
∑

T⊆M

∫
T ∥α∧ϕ∥dV <∞ for all smooth

compactly supported test forms ϕ ∈ C∞
c Ωn−k(M), or equivalently, if each coefficient of α|T

is locally integrable for any simplex T ⊂ M , and for any coordinates on T . The set

of locally integrable k-forms will be called L1
locΩ

k(M), and they enjoy the property that∫
M α ∧ ϕ is well-defined for any of the test forms. Note that which metric is used to test

local integrability does not matter, as ∥α ∧ ϕ∥g1dVg1 = ∥α ∧ ϕ∥g2dVg2 a.e. for any g1, g2.

Likewise the integral
∫
T α∧ϕ on each n-dimensional simplex T ⊆M is defined intrinsically

and is independent of any particular metric, because α ∧ ϕ is a multiple of the smooth

volume form by a Lebesgue integrable function when pulled back along the embedding

map ∆̂n→̃T ⊆M .

Remark 3. When one considers open, bounded domains in Rn, compact support implies

vanishing on the boundary. However in our case, M can be compact, or can be noncompact

but include its boundary. Compact support of a smooth form in this case is used to guarantee

a well-defined, finite integral but does not imply anything about boundary conditions. We

will focus on compact manifolds with corners rather than open domains in Rn, because

open domains cannot support a finite triangulation, and the Hodge theory for noncompact,
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incomplete manifolds is substantially more complicated [59]. Focusing in this way means

that some definitions below appear slightly nonstandard; for instance, the set of compactly

supported smooth functions is dense in the space H(d)Ω0(M, g) defined below.

If α, β are locally integrable k-forms, then in particular they are locally integrable

when restricted to each simplex T ⊆ M . Because the Regge metric g restricts to the

smooth metric gT on T , the usual theory of Sobolev spaces of functions carries over almost

unchanged to the space of tensor-valued differential forms on T [56, p. 30]. The space

L2Ωp,k(T, g) is the completion of C∞
c Ωp,k(T ) under the norm induced by the inner product

⟨α, β⟩L2(T,g) :=

∫
T̊
⟨α, β⟩dV.

Of particular interest at this level is the operator ∇ : C∞Ωp,k(T ) → C∞Ωp+1,k(T ). For

a form α ∈ C∞Ωp,k(T ) and a vector field Y on T , the covariant derivative ∇Y α is defined

by

(∇Y α)(X1, . . . , Xp+k) = Y (α(X1, . . . , Xp+k))−
∑
j

α(X1, . . . ,∇YXj , . . . , Xp+k).

It is easily verified that ∇Y α is a T ∗(T )⊗p-valued differential k-form and ∇fY α = f∇Y α.

Therefore ∇α is a smooth section of T ∗(T )⊗p+1 ⊗ Λk(T ).

This operator is by definition bounded on the space H1Ωp,k(T, g), which is the comple-

tion of C∞Ωp,k(T ) with the norm

∥α∥H1(T,g) :=
√
∥α∥2

L2(T,g)
+ ∥∇α∥L2(T,g).

With the L2(T, g) spaces and inner products defined for individual top-dimensional

simplices T , it is possible to define the L2(M, g) inner product as simply the sum over

all top-dimensional simplices in the triangulation, i.e., ⟨α, β⟩L2(M,g) :=
∑

T⊆M ⟨α, β⟩L2(T,g).

The space L2Ωp,k(M, g) is defined as the completion of C∞
c Ωp,k(M) under the induced

norm.

It is tempting to define the H1 inner product on M in a similar way, and such a

product is useful, but we avoid calling it “the H1 inner product” on M , because due to
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discontinuities of the metric g, a form α such that ∇α|T ∈ L2Ω1,k(T, g) for each T ⊆ M

does not necessarily have a weak covariant derivative that is in L2Ω1,k(M, g). Instead it

should properly be referred to as a “broken H1 inner product”, although we only use it in

the context of a single simplex. Properly defining weak covariant derivatives is outside of

the scope of this chapter.

The exterior differential operator d and its formal dual δ = (−1)n(k−1)−1 ⋆ d⋆ can be

defined weakly for locally integrable forms, but only on certain test forms, namely those

who have no tangential (respectively, normal) component on the boundary. Formally, we

define

C∞
c Ωk

t (M) := {ϕ ∈ C∞
c Ωk(M) : i∗∂Mϕ = 0}.

Smooth tangential-free forms are dense in L2Ωk(M, g). To show this, we just need to

show that any form α ∈ C∞
c Ωk(M) can be approximated by forms in C∞

c Ωk
t (M). If ρϵ

is a smooth compactly supported bump function which is equal to 1 on ∂M ∩ supp(α),

is less than or equal to 1 on M̊ , and such that the support of ρϵ has volume ϵ, then

(1− ρϵ)α ∈ C∞
c Ωp,k

t (M) and ∥(1− ρϵ)α− α∥L2(M,g) = ∥ρϵα∥L2(M,g) ≤ ϵ1/2 supx∈M ∥α|x∥g,

which converges to zero as ϵ → 0. Such bump functions can be constructed because

∂M ∩ supp(α) is compact.

If α ∈ L1
locΩ

k(M), then the distributional exterior derivative of α will be defined by

∀ϕ ∈ C∞
c Ωn−k−1

t (M), ⟨⟨dα, ϕ⟩⟩ := (−1)k+1

∫
M
α ∧ dϕ.

When α is a smooth form, ⟨⟨dα, ϕ⟩⟩ =
∫
M dα ∧ ϕ. We define the H(d) norm for forms

α ∈ L2Ωk(M, g) by

∥α∥H(d)(M,g) := ∥α∥L2(M,g) + sup
ϕ∈C∞

c Ωn−k−1
t (M)\{0}

⟨⟨dα, ϕ⟩⟩
∥ϕ∥L2(M,g)

.

The space H(d)Ωk(M, g) ⊂ L2Ωk(M, g) is defined as the closure of C∞
c Ωk(M) with

the topology induced by the H(d) norm. Note that if α ∈ H(d)Ωk(M, g), then dα ∈

L2Ωk+1(M, g), because dα as a functional is bounded in the L2 norm on the dense subset

C∞
c Ωn−k−1

t (M).
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The map d : H(d)Ωk(M, g) → L2Ωk+1(M, g) is continuous by definition and agrees

with its smooth counterpart when evaluated on smooth forms. H(d)Ωk(M, g) therefore

has a natural Hilbert space structure ⟨α, β⟩H(d)(M,g) := ⟨α, β⟩L2(M,g)+ ⟨dα, dβ⟩L2(M,g). We

will see later that H(d)Ωk(M, g), as a topological space, depends on the metric only up

to quasi-isometry, meaning the “small-scale” differences in geometry are inconsequential.

(See Section 3.2.2 for the definition of quasi-isometry.)

With the distributional exterior derivative d and the H(d) space defined, the distribu-

tional codifferential δ and H(δ) can be defined fairly easily, with δ := (−1)n(k−1)−1 ⋆ d⋆

and H(δ)Ωk(M, g) := ⋆−1(H(d)Ωn−k(M, g)). The following formula is just integration by

parts for smooth forms, and the left-hand side remains well-defined if α ∈ H(d)Ωk(M, g)

and β ∈ H(d)Ωn−k−1(M, g):∫
M
dα ∧ β + (−1)k

∫
M
α ∧ dβ =

∫
∂M

i∗∂M (α ∧ β). (3.1)

So, while i∗∂Mα is not necessarily well-defined, there can still be a notion of “trace

zero” if k < n. When (3.1) is zero for all β we will say that α ∈ H(d)Ωk
t (M, g). We

will also set H(δ)Ωk
n(M, g) := ⋆−1(H(d)Ωn−k

t (M, g)). As one would expect, as long as

α ∈ H(d)Ωk(M, g) and β ∈ H(δ)Ωk+1(M, g), we have

⟨dα, β⟩L2(M,g) = ⟨α, δβ⟩L2(M,g)

if α ∈ H(d)Ωk
t (M, g) or β ∈ H(δ)Ωk+1

n (M, g). In other words, H(δ)Ωk
n(M, g) is the L2 dual

of H(d)Ωk(M, g) and H(d)Ωk
t (M, g) is the dual of H(δ)Ωk(M, g).

The spaces H(d)Ωk(M, g) and H(δ)Ωk(M, g) contain subspaces consisting of compactly

supported piecewise-smooth forms. It is useful to understand what these subspaces look

like.

If i∗e[[α]] ̸= 0 for some (n − 1)-simplex e that is not contained in ∂M , that is if the

tangential components of α are not continuous, then test forms ϕ can be constructed so

that ∥ϕ∥L2(M,g) is arbitrarily small but ⟨⟨dα, ϕ⟩⟩ is arbitrarily large, which would mean

that ∥⟨⟨dα, ·⟩⟩∥L2Ωn−k−1(M,g)∗ = ∞. Therefore the compactly supported piecewise-smooth
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elements of H(d)Ωk(M, g) are those which are continuous in their tangential components

across n-simplex boundaries. This gives some intuition as to why the space H(d)Ωk(M, g),

and the map d, are independent of the small-scale geometry of g, since this is a purely

topological condition.

Similarly, the compactly supported piecewise-smooth elements of H(δ)Ωk(M, g) are

those which are continuous in their normal components, as defined by g. These will gener-

ally be discontinuous and will depend on the small-scale geometry of g, meaning they are

significantly less convenient to work with when designing a finite element method.

3.2.2 Bounds on Sobolev Norms from Differing Metrics

A measurement of the “difference” between two Regge metrics is an important ingredient

for analyzing approximation properties of metrics and PDE problems depending on them.

The notion of quasi-isometry, fundamental in geometric group theory [34] and long studied

in relation to approximations (both analytical and metrical) of Riemannian manifolds [38],

provide a natural and powerful tool to this end.

Given two Regge metrics (T1, g1) and (T2, g2) on the same manifold M , and a smooth

submanifold Ω ⊆M , we define

Cg1,g2(Ω) := ess sup
x∈Ω, v∈TxΩ\{0}

∥v∥g1
∥v∥g2

(3.2)

and

Dg1,g2(Ω) := ess sup
x∈Ω

∥dVg1 |x∥g2 , (3.3)

where dVg1 is understood to mean the g1-volume form of Ω, and a set X has measure 0

if µLebesgue(ϕ(X ∩ U)) = 0 for any coordinate chart (U, ϕ) of Ω. We define Cg1,g2(∅) and

Dg1,g2(∅) to be zero for convenience, as these quantities are always nonnegative.

When Ω =
⋃

iΩi is a finite union of smooth submanifolds (such as the boundary of a

simplex), Cg1,g2(Ω) := supiCg1,g2(Ωi) and likewise for Dg1,g2(Ω).
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If 0 < Cg1,g2(M) < ∞ and 0 < Cg2,g1(M) < ∞, we will say that (M, T1, g1) and

(M, T2, g2) are quasi-isometric. This induces an equivalence relation on the set of smooth

manifolds with Regge metrics. Quasi-isometry can be interpreted to mean that two man-

ifolds are “asymptotically the same”. It is very straightforward to show that if T1 and T2

are both finite triangulations, then g1 and g2 are quasi-isometric, and hence a compact

manifold M supports only one quasi-isometry class.

The following small lemma is very useful for showing results related to Cg1,g2(Ω).

Lemma 5. Let V be a vector space and (V, ∥ · ∥g1), (V, ∥ · ∥g2) be two reflexive Banach

space structures on V . By abuse of notation, also use the same symbols for the induced

operator norms on V ∗. Then:

sup
α∈V ∗, α ̸=0

∥α∥g1
∥α∥g2

= sup
v∈V, v ̸=0

∥v∥g2
∥v∥g1

(3.4)

and

inf
v∈V, v ̸=0

∥v∥g2
∥v∥g1

= inf
α∈V ∗, α ̸=0

∥α∥g1
∥α∥g2

. (3.5)

Proof. Let α ∈ V ∗. Then:

∥α∥g1 = sup
v ̸=0

|α(v)|
∥v∥g1

= sup
v ̸=0

∣∣∣α( v
∥v∥g2

)∣∣∣
∥v∥g1
∥v∥g2

≤

(
sup
v ̸=0

∥v∥g2
∥v∥g1

)(
sup
v ̸=0

|α(v)|
∥v∥g2

)
= sup

v∈V, v ̸=0

∥v∥g2
∥v∥g1

∥α∥g2 .

Since the operator norms on V ∗∗ are isometric to the original norms on V , the same

reasoning also shows that if v ∈ V = V ∗∗ then ∥v∥g2 ≤ supα∈V ∗, α ̸=0
∥α∥g1
∥α∥g2

∥v∥g1 , proving

equality in the first statement.

The second statement follows from the fact that infx
a(x)
b(x) = 1

supx
b(x)
a(x)

.

As one might expect, L2 spaces of forms depend only on the quasi-isometry class of the

metric.
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Theorem 6. If (T1, g1) and (T2, g2) are two Regge metrics on the same manifold M , then

1. 1
Cg1,g2 (M)n ≤ Dg2,g1(M) ≤ Cg2,g1(M)n,

2. ∀α ∈ L2Ωp,k(M, g2), ∥α∥2L2(M,g1)
≤
(
n

k

)
npCg2,g1(M)2p+2kDg1,g2(M)∥α∥2L2(M,g2)

.

Proof. We will establish a uniform bound on ∥α∥g1 when α ∈ T ∗
x (M)p⊗Λk

x(M), ∥α∥g2 = 1,

with a special case for k = n, p = 0 (in which case α = dVg2). In this proof, x ∈ M is

always a point around which g1 and g2 are both smooth in a neighborhood. We will also

use {Fi}ni=1 and {θi}ni=1 to refer to a frame and coframe that are orthonormal in the metric

g1 and dual to each other, and {F̃i}ni=1 and {θ̃i}ni=1 to refer to a frame and coframe that

are orthonormal in the metric g2 and dual to each other. The two frames will also induce

the same orientation on M .

Since the covector norm is the same as the operator norm,

∥dVg2∥g1 = ∥θ̃1∧ · · · ∧ θ̃n∥g1 = det [θ̃i(Fj)]. Let Θ̃ be the matrix defined by Θ̃ij = θ̃i(Fj). If

u,w ∈ Rn, then u · Θ̃w = ⟨uiF̃i, w
jFj⟩g2 . The eigenvalues of the matrix Θ̃ have magnitude

bounded above by ∥Θ̃∥2 = supw∈Rn\{0}
∥Θ̃w∥2
∥w∥2 = supu,w∈Rn\{0}

u·Θ̃w
∥u∥2∥w∥2 . However, writing

u′ = uiF̃i and w′ = wjFj , this expression is the same as supu′,w′∈Tx(M)\{0}
⟨u′,w′⟩g2

∥u′∥g2∥w′∥g1
=

supw′∈Tx(M)\{0}
∥w′∥g2
∥w′∥g1

. Likewise, the eigenvalues of Θ̃ have magnitude bounded below by

infw∈Rn\{0}
∥Θ̃w∥2
∥w∥2 = infw′∈Tx(M)\{0}

∥w′∥g2
∥w′∥g1

. The determinant is the product of eigenvalues,

so we have

1

Cg1,g2(M)n
≤

 1

supv∈Tx(M), v ̸=0
∥v∥g1
∥v∥g2

n

=

(
inf

v∈Tx(M), v ̸=0

∥v∥g2
∥v∥g1

)n

≤ ∥dVg2∥g1 ≤

(
sup

v∈Tx(M), v ̸=0

∥v∥g2
∥v∥g1

)n

= Cg2,g1(M)n,

proving part 1 of the theorem.

To bound ∥α∥g1 for general p and k, we express α in coordinates:

α =
∑

I,J αIJ(θ̃
j1 ⊗ · · · ⊗ θ̃jp) ⊗ θ̃i1 ∧ · · · ∧ θ̃ik , where I ranges over all increasing multi-

indices (i1, . . . , ik) ∈ [1, n]k and J ranges over all tuples of indices (j1, . . . , jp) ∈ [1, n]p.
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Since ∥α∥g2 = 1, we have
∑

I,J α
2
IJ = 1. For convenience, in the following lines we will use

θ̃I to refer to θ̃i1 ∧ · · · ∧ θ̃ik and ⊗J θ̃ to refer to θ̃j1 ⊗ · · · ⊗ θ̃jp . We have

⟨α, α⟩g1 =
∑

I,J,L,M

αIJαLM ⟨⊗J θ̃,⊗M θ̃⟩g1⟨θ̃I , θ̃L⟩g1

=
∑

I,J,L,M

αIJαLM

p∏
s=1

⟨θ̃js , θ̃ms⟩g1
∑
σ∈Sk

sign(σ)
k∏

t=1

⟨θ̃it , θ̃lσ(t)⟩g1 .

The inner product ⟨θ̃I , θ̃L⟩g1 above is equal to the determinant of the k × k matrix

Θ̃IL
tr = ⟨θ̃it , θ̃lr⟩g1 . Since θ̃i = θ̃i(Fa)θ

a, we have Θ̃IL = EI(EL)⊺, where EI
ta = θ̃it(Fa) and

likewise for EL. As before, for u ∈ Rk and w ∈ Rn, we have u · EIw = ⟨utF̃it , w
aFa⟩g2 ,

and ∥EI∥2 = supu′∈span(F̃i1
,...,F̃ik

)\{0},w′∈Tx(M)\{0}
⟨u′,w′⟩g2

∥u′∥g2∥w′∥g1
. By expanding the range of

u′, we get ∥EI∥2 ≤ supw′∈Tx(M)\{0}
∥w′∥g2
∥w′∥g1

. Similarly, w · (EL)⊺u = ⟨wbFb, u
rF̃lr⟩g1 , so

∥(EL)⊺∥2 ≤ supu′∈Tx(M)\{0}
∥u′∥g2
∥u′∥g1

. Therefore

|⟨θ̃I , θ̃L⟩g1 | = |det(Θ̃IL)| ≤ ∥Θ̃IL∥k2 ≤ ∥EI∥k2∥(EL)⊺∥k2 ≤ sup
v∈Tx(M)\{0}

(
∥v∥g2
∥v∥g1

)2k

.

The terms ⟨θ̃js , θ̃ms⟩g1 , meanwhile, are simply bounded above by supθ̃∈T ∗
x (M)\{0}

∥θ̃∥2g1
∥θ̃∥2g2

by

the Cauchy-Schwarz inequality.

Therefore

|⟨α, α⟩g1 | ≤ sup
θ̃∈T ∗

x (M)\{0}

(
∥θ̃∥g1
∥θ̃∥g2

)2p

sup
v∈Tx(M)\{0}

(
∥v∥g2
∥v∥g1

)2k ∑
I,J,L,M

|αIJαLM |

= sup
v∈Tx(M)\{0}

(
∥v∥g2
∥v∥g1

)2k+2p∑
I,J

|αIJ |
∑
L,M

|αLM |

≤ Cg2,g1(M)2(k+p)

(
n

k

)
np,

since
√(

n
k

)
np is the maximum 1-norm of all unit vectors in R(

n
k)n

p
. Thus, for all α ∈

T ∗
x (M)p ⊗ Λk

x(M), ∥α∥2g1 ≤
(
n
k

)
npCg2,g1(M)2(k+p)∥α∥2g2 .
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Part 2 of the theorem is now almost immediate. Let α ∈ C∞
c Ωp,k(M). Then

∥α∥2L2(M,g1)
=
∑
T∈T1

∫
T
∥α∥2g1dVg1

≤
(
n

k

)
np

∑
T∈T1, T ′∈T2

Cg2,g1(T ∩ T ′)2k+2p

∫
T∩T ′

∥α∥2g2∥dVg1∥g2dVg2

≤
(
n

k

)
np
∑
T ′∈T2

Cg2,g1(T
′)2k+2pDg1,g2(T

′)

∫
T ′

∥α∥2g2dVg2

≤
(
n

k

)
npCg2,g1(M)2k+2pDg1,g2(M)∥α∥2L2(M,g2)

.

Since C∞
c Ωp,k(M) is dense in L2Ωp,k(M, g2), the same inequality holds for all α ∈

L2Ωp,k(M, g2).

This theorem will be useful for proving the scaling properties for the trace and inverse

inequalities. It could be tightened substantially by using more information about the

metrics, but Cg1,g2(M) and Dg1,g2(M) are easy to compute and widely applicable. It also

has an immediate corollary:

Corollary 2. If g1 and g2 are two quasi-isometric Regge metrics on M , then, for all p, k,

L2Ωp,k(M, g1) = L2Ωp,k(M, g2) and H(d)Ωk(M, g1) = H(d)Ωk(M, g2) as topological vector

spaces.

In what follows we will frequently need to make use of comparisons between the covari-

ant derivatives of forms. The following lemma establishes a relationship between covariant

derivatives in different metrics, which is key to proving the trace and inverse inequalities.

Lemma 6. Given two Regge metrics g and g′ on a manifold M and their Levi-Civita

connections ∇ and ∇′, ∇−∇′ is a bundle morphism T ∗(T ∩ T ′)p ⊗Λk(T ∩ T ′) → T ∗(T ∩

T ′)p+1⊗Λk(T∩T ′) on each T, T ′ ⊆M where g and g′ are smooth respectively. Furthermore,

if U ⊆ T ∩ T ′ is measurable and contained in a coordinate chart with coordinates {xi}ni=1,
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then

∥∇ −∇′∥L(L2Ωp,k(U,g),L2Ωp+1,k(U,g)) ≤
3(k + p)n

7
2

2
∥G−1∥L∞(U)∥G∥L∞(U)

·
(
∥G−1 −G′−1∥L∞(U)∥dG∥L∞(U,g)

+ ∥G′−1∥L∞(U)∥dG− dG′∥L∞(U,g)

)
,

where Gij = ⟨ ∂
∂xi ,

∂
∂xj ⟩g is the coordinate expression for g and G′ is defined similarly. For

a matrix-valued one-form A, ∥A∥L∞(U,g) := ess supx∈U ∥A(x)∥2,g and for a matrix-valued

function, ∥A∥L∞(U) := ess supx∈U ∥A(x)∥2.

Remark 4. While the fact that the difference between Christoffel symbols is bounded by

∥G−G′∥ and ∥dG− dG′∥ is fairly obvious, this theorem makes explicit how they relate to

bounds on the L2 operator norm of ∇−∇′. Additionally, if g is piecewise flat, there exists

a coordinate chart U ⊆ T ∩T ′ around any point x ∈ T ∩T ′ such that G = λI for a constant

λ > 0 and ∥G′−1∥L∞(U) = 1, yielding a much simpler, and intrinsic, expression:

∥∇ −∇′∥L(L2Ωp,k(U,g),L2Ωp+1,k(U,g)) ≤
3(k + p)n

7
2

2
∥dG′∥L∞(U,g) =

3(k + p)n
7
2

2
∥∇g′∥L∞(U,g)

(3.6)

Here g′ is understood to be a piecewise smooth (0, 2)-tensor and ∇g′ a (0, 3)-tensor,

and ∥∇g′∥L∞(U,g) := ess supx∈U ∥∇g′|x∥g.

Proof of Lemma 6. To see that ∇−∇′ is a bundle morphism for all x ∈ T ∩ T ′, all that is

necessary is to calculate

(∇−∇′)V (fW ) = df(V )W + f∇VW − df(V )W − f∇′
VW = f(∇−∇′)VW.

What this shows is that ∇ −∇′ is C∞(T )-linear, which by definition means (∇ −∇′)|x :

Tx(T ∩T ′)⊗Tx(T ∩T ′) → Tx(T ∩T ′) is a well-defined linear map for all x ∈ T ∩T ′. Clearly

this means (∇−∇′)|x : T ∗
x (T ∩ T )p ⊗ Λk

x(T ∩ T ′) → T ∗
x (T ∩ T ′)p+1 ⊗ Λk

x(T ∩ T ′) is also a

well-defined linear map.
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Next we will find a bound on |Γi
jk−Γ′i

jk|, where Γi
jk and Γ′i

jk are the Christoffel symbols

associated with g and g′, respectively. First let E be the Cholesky factor of G−1, i.e.

E⊺E = G−1, so that Ei =
∑

j Eij
∂

∂xj is a g-orthonormal frame. Then

|Γi
jk − Γ′i

jk| =
1

2
|Gil(Glj,k +Glk,j −Gjk,l)−G′il(G′

lj,k +G′
lk,j −G′

jk,l)|

=
1

2
|(Gil −G′il)(Glj,k +Glk,j −Gjk,l) +G′il(Glj,k +Glk,j −Gjk,l −G′

lj,k −G′
lk,j +G′

jk,l)|

≤ 3

2

[(
max

i

∑
j

|G−1
ij −G′−1

ij |
)
max
i,j,k

∣∣∣∣dGij

(
∂

∂xk

)∣∣∣∣
+

(
max

i

∑
j

|G′−1
ij |
)
max
i,j,k

∣∣∣∣(dG− dG′)ij

(
∂

∂xk

)∣∣∣∣
]

≤ 3

2

(
∥G−1 −G′−1∥∞max

i,j,k

∣∣∣∣dGij

(∑
l

E−1
kl El

)∣∣∣∣
+ ∥G′−1∥∞max

i,j,k

∣∣∣∣(dG− dG′)ij

(∑
l

E−1
kl El

)∣∣∣∣
)

≤ 3

2
∥E−1∥∞(∥G−1 −G′−1∥∞∥dG∥m,g + ∥G′−1∥∞∥dG− dG′∥m,g).

This allows us to bound ∥(∇−∇′)EiEj∥g:

∥(∇−∇′)EiEj |x∥g =

∥∥∥∥∑
k,l

EikEjl(∇−∇′) ∂

∂xk

∂

∂xl

∥∥∥∥
g

=

∥∥∥∥∑
k

Eik

∑
l

Ejl(Γ
o
kl − Γ′o

kl)
∂

∂xo

∥∥∥∥
g

≤ ∥E∥2∞max
k,l,o

|Γo
kl − Γ′o

kl|
∥∥∥∥∑

p

E−1
op Ep

∥∥∥∥
g

≤ 3

2
∥E∥2∞∥E−1∥2∞(∥G−1 −G′−1∥∞∥dG∥m,g + ∥G′−1∥∞∥dG− dG′∥m,g)

≤ 3n
5
2

2
∥E∥22∥E−1∥22(∥G−1 −G′−1∥2∥dG∥2,g + ∥G′−1∥2∥dG− dG′∥2,g)

=
3n

5
2

2
∥G−1∥2∥G∥2(∥G−1 −G′−1∥2∥dG∥2,g + ∥G′−1∥2∥dG− dG′∥2,g).

In the second to last line, we used the fact that ∥ · ∥m ≤ ∥ · ∥2 and ∥ · ∥∞ ≤
√
n∥ · ∥2 for

matrices. In the last line, we used the fact that ∥E∥22 = ∥G−1∥2 since E is the Cholesky
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factor of G−1.

Then we can calculate

∥(∇−∇′)|x∥2,g = sup
V,W∈Tx(T∩T ′)\{0}

∥(∇−∇′)VW∥g
∥V ∥g∥W∥g

≤ nmax
i,j

∥(∇−∇′)EiEj∥g

≤ 3n
7
2

2
∥G−1∥2∥G∥2(∥G−1 −G′−1∥2∥dG∥2,g + ∥G′−1∥2∥dG− dG′∥2,g).

Lastly, we will calculate the pointwise norm of (∇ − ∇′)|xα for an arbitrary α ∈ T ∗
x (T ∩

T ′)p ⊗ Λk
x(T ∩ T ′):

∥(∇−∇′)|xα∥g = sup
V,W1,...,Wk+p∈Tx(T∩T ′)\{0}

|
∑

j α(W1, . . . , (∇−∇′)VWj , . . . ,Wk+p)|
∥V ∥g∥W1∥g . . . ∥Wk+p∥g

≤
∑
j

sup
V,W1,...,Wk+p

∥(∇−∇′)VWj∥g
∥V ∥g∥Wj∥g

∣∣α(W1, . . . ,Wj−1,
(∇−∇′)V Wj

∥(∇−∇′)V Wj∥g ,Wj+1, . . . ,Wk+p)
∣∣

∥W1∥g . . . ∥̂Wj∥g . . . ∥Wk+p∥g

≤ ∥(∇−∇′)|x∥2,g
∑
j

sup
W1,...,Wk+p

|α(W1, . . . ,Wk+p)|
∥W1∥g . . . ∥Wk+p∥g

≤ (k + p)∥(∇−∇′)|x∥2,g∥α∥g.

Therefore the L2(U, g) operator norm of ∇−∇′ : C∞Ωp,k(U) → C∞Ωp+1,k(U) is less than

or equal to (k + p) ess supx∈U ∥(∇−∇′)|x∥2,g, giving the required bound.

3.2.3 Trace and Inverse Inequalities

With all preparations done, we are finally ready to prove trace and inverse inequalities for

simplices endowed with an arbitrary Riemannian metric. The usual scaling arguments are

more complicated than usual, so complete proofs are provided. In this section, T is a single

n-simplex of T , so g is smooth on T .

Theorem 7 (H1 Trace Inequality for Riemannian Simplices).

Suppose α ∈ H1Ωp,k(T, g), and assume that there exists an orientation-preserving diffeo-

morphism f : T̂ → T where T̂ ⊂ Rn is the standard simplex. Then i∗∂Tα is well-defined
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and belongs to L2Ωp,k(∂T, g), and there exists Ĉ depending only on n, p, and k such that

∥i∗∂Tα∥L2(∂T,g)

≤ ĈCg,δ̂(T )
k+pCδ̂,g(T )

k+p+ 1
2

√
Dg,δ̂(T )Dδ̂,g(T )

·
[(

1 + Cδ̂,g(T )
k+p+1Cg,δ̂(T )

k+p+1
√
Dδ̂,g(T )Dg,δ̂(T )∥∇̂g∥L∞(T,δ̂)

)
∥α∥L2(T,g)

+ Cg,δ̂(T )∥∇α∥L2(T,g)

]
,

where δ̂ = f−∗δ is the metric induced by f and the standard Euclidean metric δ on T̂ , and

∇̂ is the associated connection.

Remark 5. In the case that p = k = 0, ∇̂α = dα = ∇α, and the term involving ∥∇̂g∥ can

be removed as it is measuring the difference between ∇ and ∇̂.

Proof of theorem 7. We will take as given that there is a trace theorem for differential

forms on (T̂ , δ). This is essentially because a form in this manifold is in H1 if and only if

each of its coefficients is in H1 in the standard coordinates, and a trace theorem holds for

each coefficient independently. Thus, setting α̂ = f∗α, i∗
∂T̂
α̂ is well-defined and

∥i∗
∂T̂
α̂∥2

L2(∂T̂ ,δ)
≤ Ĉ∥α̂∥2

H1(T̂ ,δ)
. (3.7)

Let i∗∂Tα := f−∗i∗
∂T̂
α̂. This definition is consistent when α is continuous, because f restricts

to an embedding e ↪→M for each facet e ⊂ ∂T . We will bound both sides of this inequality.

Firstly, by Theorem 6,

∥i∗
∂T̂
α̂∥2

L2(∂T̂ ,δ)
=

∫
∂T̂

∥f∗i∗∂Tα∥2δdSδ =
∫
∂T

∥i∗∂Tα∥2f−∗δf
−∗dSδ

=

∫
∂T

∥i∗∂Tα∥2δ̂dSδ̂ = ∥i∗∂Tα∥2L2(∂T,δ̂)

≥ 1

N2
1Cδ̂,g(∂T )

2k+2pDg,δ̂(∂T )
∥i∗∂Tα∥2L2(∂T,g),
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where N1 is a constant depending only on n, p, and k. Secondly,

∥α̂∥2
H1(T̂ ,δ)

=

∫
T̂
∥f∗α∥2δdVδ +

∫
T̂
∥∇δf

∗α∥2δdVδ

=

∫
T
∥α∥2

δ̂
dVδ̂ +

∫
T
∥∇̂α∥2

δ̂
dVδ̂

= ∥α∥2
L2(T,δ̂)

+ ∥∇̂α∥2
L2(T,δ̂)

≤ N2
2Cg,δ̂(T )

2k+2pDδ̂,g(T )
(
∥α∥2L2(T,g) + Cg,δ̂(T )

2∥∇̂α∥2L2(T,g)

)
,

where N2 is another constant depending only on n, p, and k. Plugging both of these

inequalities into inequality (3.7), we obtain

∥i∗∂Tα∥2L2(∂T,g) ≤ ĈN2
1N

2
2Cδ̂,g(∂T )

2(k+p)Cg,δ̂(T )
2(k+p)Dδ̂,g(T )Dg,δ̂(∂T )

·
(
∥α∥2L2(T,g) + Cg,δ̂(T )

2∥∇̂α∥2L2(T,g)

)
.

(3.8)

It is clearly the case that Cg1,g2(∂T ) ≤ Cg1,g2(T ) for any two continuous metrics g1, g2 on

T . We can also bound Dg,δ̂(∂T ) in terms of Dg,δ̂(T ). In a relatively open neighborhood

U ⊂ T of a point x0 of ∂T which is contained in a smooth component of ∂T , dVg can be

written as θ1 ∧ ⋆gθ1, where ∥θ1∥g = 1 and ker θ1|x = Tx∂T for all x ∈ U ∩ ∂T . Evidently,

i∗∂T ⋆g θ
1 is the g volume form on U ∩ ∂T .

At each x in U , we have the following inequality:

sup
W1,...,Wn∈TxT\{0}

|dVg(W1, . . . ,Wn)|
∥W1∥δ̂ . . . ∥Wn∥δ̂

≥ sup
W2,...,Wn∈ker θ1|x\{0}

sup
W1 /∈ker θ1|x

|θ1(W1)| · | ⋆g θ1(W2, . . . ,Wn)|
∥W1∥δ̂∥W2∥δ̂ . . . ∥Wn∥δ̂

= ∥θ1|x∥δ̂∥ ⋆g θ
1|x∥δ̂.

Therefore, we have

Dg,δ̂(U) ≥ Dg,δ̂(U ∩ ∂T ) inf
x∈U

∥θ1|x∥δ̂ ≥
Dg,δ̂(U ∩ ∂T )
Cδ̂,g(U)

.

This local inequality implies a global inequality

Dg,δ̂(∂T ) ≤ Cδ̂,g(T )Dg,δ̂(T ).
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Plugging this into inequality (3.8), we derive

∥i∗∂Tα∥2L2(∂T,g) ≤ Ĉ2N2
1N

2
2Cδ̂,g(T )

2(k+p)+1Cg,δ̂(T )
2(k+p)

·Dδ̂,g(T )Dg,δ̂(T )
(
∥α∥2L2(T,g) + Cg,δ̂(T )

2∥∇̂α∥2L2(T,g)

)
,

or, more conveniently,

∥i∗∂Tα∥L2(∂T,g) ≤ ĈN1N2Cδ̂,g(T )
k+p+ 1

2Cg,δ̂(T )
k+p

·
√
Dδ̂,g(T )Dg,δ̂(T )

(
∥α∥L2(T,g) + Cg,δ̂(T )∥∇̂α∥L2(T,g)

)
. (3.9)

Lastly, we can use Lemma 6 to assert that

∥∇̂α∥L2(T,g) ≤ ∥∇α∥L2(T,g) + ∥∇̂ − ∇∥L(L2Ωp,k(T,g),L2Ωp+1,k(T,g))∥α∥L2(T,g).

Since δ̂ is flat on T , we have by inequality 3.6 that ∥∇̂ − ∇∥L(L2Ωp,k(T,δ̂),L2Ωp+1,k(T,δ̂) ≤
3(k+p)n

7
2

2 ∥∇̂g∥L∞(T,δ̂). To apply this inequality, we’ll use

∥∇̂ − ∇∥L(L2Ωp,k(T,g),L2Ωp+1,k(T,g))

≤
supβ∈L2Ωp+1,k(T,g)\{0}

∥β∥L2(T,g)

∥β∥L2(T,δ̂)

infβ∈L2Ωp,k(T,g)\{0}
∥β∥L2(T,g)

∥β∥L2(T,δ̂)

∥∇̂ − ∇∥L(L2Ωp,k(T,δ̂),L2Ωp+1,k(T,δ̂))

≤ Ĉ1Ĉ2Cδ̂,g(T )
k+p+1Ck+p

g,δ̂
(T )
√
Dδ̂,g(T )Dg,δ̂(T )∥∇̂ − ∇∥L(L2Ωp,k(T,δ̂),L2Ωp+1,k(T,δ̂))

≤ Ĉ1Ĉ2
3(k + p)n

7
2

2
Cδ̂,g(T )

k+p+1Cg,δ̂(T )
k+p
√
Dδ̂,g(T )Dg,δ̂(T )∥∇̂g∥L∞(T,δ̂),

where Ĉ1 and Ĉ2 depend only on n, p, and k.

Plugging this into inequality 3.9 and grouping together constant multiples, we obtain

the desired bound.

Next is the well-known inverse inequality.

Theorem 8 (Inverse Inequality for Riemannian Simplices). Let T̂ , T , δ, δ̂, g, ∇, ∇̂, and

f be as in Theorem 7, and let V̂ ⊂ H(d)Ωk(T̂ , δ) be a finite-dimensional subspace and let
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Vh = f−∗(V̂ ) ⊂ H(d)Ωk(T, g). Then there exists Ĉ ′ depending only on n, k, and V̂ such

that for all uh ∈ Vh,

∥duh∥L2(T,g) ≤ Ĉ ′Cδ̂,g(T )
k+1Cg,δ̂(T )

k
√
Dδ̂,g(T )Dg,δ̂(T )∥uh∥L2(T,g).

Likewise, if V̂ ⊂ H1Ωp,k(T̂ , δ) is finite-dimensional and Vh = f−∗(V̂ ) ⊂ H1Ωp,k(T, g), then

there exists Ĉ depending only on n, p, k, and V̂ such that for all uh ∈ Vh,

∥∇uh∥L2(T,g) ≤ ĈCδ̂,g(T )
k+p+1Cg,δ̂(T )

k+p
√
Dδ̂,g(T )Dg,δ̂(T )[1 + ∥∇̂g∥L2(T,δ̂)]∥uh∥L2(T,g).

Proof. The proofs of both claims are quite similar, so we will prove the second claim and

then explain how the same proof idea carries over to the first claim. Let ûh = f∗uh. We

start with the observation that any two norms on the finite-dimensional subspace V̂ are

equivalent, so there exists Ĉ independent of ûh such that

∥∇δûh∥L2(T̂ ,δ) ≤ ∥ûh∥H1(T̂ ,δ) ≤ Ĉ∥ûh∥L2(T̂ ,δ). (3.10)

We’ll bound both sides.

∥∇δûh∥L2(T̂ ,δ) = ∥∇̂uh∥L2(T,δ̂)

≥ 1

N1Cδ̂,g(T )
k+p+1

√
Dg,δ̂(T )

∥∇̂uh∥L2(T,g)

≥ 1

N1Cδ̂,g(T )
k+p+1

√
Dg,δ̂(T )

·
[
∥∇uh∥L2(T,g) − ∥∇̂ −∇∥L(L2Ωp,k(T,g),L2Ωp+1,k(T,g))∥uh∥L2(T,g)

]
,

∥ûh∥L2(T̂ ,δ) = ∥uh∥L2(T,δ̂)

≤ N2Cg,δ̂(T )
k+p
√
Dδ̂,g(T )∥uh∥L2(T,g).

Plugging these inequalities into inequality (3.10), we get

∥∇uh∥L2(T,g) ≤
[
ĈN1N2Cδ̂,g(T )

k+p+1Cg,δ̂(T )
k+p
√
Dδ̂,g(T )Dg,δ̂(T )

+ ∥∇̂ − ∇∥L(L2Ωp,k(T,g),L2Ωp+1,k(T,g))

]
∥uh∥L2(T,g).

86



And, just as in the proof of Theorem 7, we can apply the inequality

∥∇̂ − ∇∥L(L2Ωp,k(T,g),L2Ωp+1,k(T,g)) ≤ Ĉ1Ĉ2
3(k + p)n

7
2

2
Cδ̂,g(T )

k+p+1Cg,δ̂(T )
k+p

·
√
Dδ̂,g(T )Dg,δ̂(T )∥∇̂g∥L∞(T,δ̂),

which gives the desired bound.

The proof of the H(d) inverse inequality is nearly identical with ∇ replaced with d,

except that there is no difference between d̂ and d.

It is helpful to consider how these theorems relate to coordinate expressions. IfM = Rn

and g is the Euclidean metric then, expressed in coordinates on the reference simplex, we

have ∇̂g = ∇̂(JJ⊺) where J = df is the Jacobian, and Cg,δ̂(T ) = supx∈T̂ ∥J(x)∥2, Cδ̂,g(T ) =

supx∈T̂ ∥J−1(x)∥2, Dg,δ̂(T ) = supx∈T̂ det(J(x)), and Dδ̂,g(T ) = supx∈T̂ det(J−1(x)). Scal-

ing arguments for the case when g is the Euclidean metric are already well established in

the literature, even when f is not affine [7, 39]. However, usually such arguments lack a

term analogous to the ∇̂g term because they consider real-valued functions rather than

tensors.

3.2.4 Riemannian Shape-Regularity

The issue of mesh quality on a manifold is subtle, as not only the geometry of a simplex,

but also the quality of its embedding map fh,T must be considered. For the purpose of

computational ease, we have chosen to introduce new definitions of shape-regularity and

shape constant. These are equivalent to the usual definitions if each T is a flat simplex in

some Euclidean space and the map fh,T is affine, and they have some similarities in their

role in the trace and inverse inequalities.

Definition 4. A family of manifolds with Regge metrics {(Mh, Th, gh)}h∈S (where S ⊂

R) has the Riemannian shape-regularity property if there exists a number 0 < K < ∞

independent of h and orientation-preserving diffeomorphisms fh,T : T̂ → T for each T ∈ Th
such that Cgh,δ̂

(T )Cδ̂,gh
(T ) ≤ K for all h ∈ S, T ∈ Th.
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Here, as before, T̂ denotes the standard simplex and δ̂ = f−∗
h,T δ is the pushforward of

the standard metric on T̂ .

The quantity Cgh,δ̂
(T )Cδ̂,gh

(T ) simultaneously measures how much gh differs from a

scaled version of the Euclidean metric δ̂, and how much fh,T differs from a pure rigid

motion and a scaling. As the next lemma will show, if a family of meshes on a compact

manifold is piecewise-affine in some smooth curvilinear coordinates and shape-regular (in

the Euclidean sense) when viewed in those coordinates, and the metrics gh differ from a

smooth metric g by a bounded amount, then the family of meshes is also shape-regular in

the Riemannian sense.

Lemma 7. Suppose (M, g) is a compact Riemannian manifold with corners, and let

{Ui}Ni=1 be a finite cover of M by open sets each possessing a smooth embedding ϕi : Ui →

RKi for some integer Ki, and let Vi ⊂ Ui be another cover where each Vi is closed. If

{(M, Th, gh)}h∈S is a manifold supporting a family of Regge metrics such that

1. there exists C <∞ such that Cg,gh(M)Cgh,g(M) ≤ C for all h ∈ S,

2. every n-simplex T is contained completely in Vi for some index i,

3. for each h ∈ S, T ∈ Th there exists a one-to-one affine map f̃h,T : Rn → RKi such

that f̃h,T (T̂ ) = ϕi(T ) (by abuse of notation, we’ll also use f̃h,T to refer to the linear

map v 7→ f̃h,T (v)− f̃h,T (0)),

4. there exists 0 < K <∞ such that
supv ̸=0

∥f̃h,T v∥
∥v∥

infw ̸=0
∥f̃h,T w∥

∥w∥

≤ K for all h ∈ S, T ∈ Th,

then {(M, Th, gh)}h∈S has the Riemannian shape-regularity property.

Condition 4 is equivalent to the usual shape-regularity property hT
ρT

≤ K in the lo-

cal Euclidean metric, which involves the Euclidean diameter hT of T and the Euclidean

diameter ρT of the largest ball contained in T .
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Proof of Lemma 7. Each Ui has an induced flat metric δUi := ϕ∗i (
∑

j dy
j ⊗ dyj), and each

simplex T ⊆ Vi has the induced flat metric δ̂ := (f̃−1
h,T ◦ ϕi)∗(

∑
j dx

j ⊗ dxj). For a given

w ∈ Rn and x ∈ T , we can define a corresponding vectorW = d(ϕ−1
i ◦f̃h,T )(wj ∂

∂xj ) ∈ Tx(T ).

Then ∥w∥ = ∥W∥δ̂ and ∥f̃h,Tw∥ = ∥W∥δUi
. Since any vector W ∈ Tx(T ) can be expressed

this way, condition 4 is equivalent to CδUi
,δ̂(T )Cδ̂,δUi

(T ) ≤ K.

Clearly from the definition of Cδ̂,gh
(T ),

Cδ̂,gh
(T ) ≤ Cg,gh(T )CδUi

,g(T )Cδ̂,δUi
(T )

and

Cgh,δ̂
(T ) ≤ Cgh,g(T )Cg,δUi

(T )CδUi
,δ̂(T ).

Since Vi is closed and M is compact, Vi is compact, so g and δUi are quasi-isometric on Vi.

Let C ′ := maxi(Cg,δUi
(Vi)CδUi

,g(Vi)). Then, we have

Cδ̂,gh
(T )Cgh,δ̂

(T ) ≤ CC ′K,

which is exactly what we need for the family to be Riemannian shape-regular, using fh,T :=

ϕ−1
i ◦ f̃h,T for the maps T̂ → T .

We can also introduce a new definition of quasi-uniformity. In order for this definition

to be meaningful in the same way it is in the Euclidean case, h can no longer be an

abstract parameter. Instead, we will reparameterize the family {(Mh, Th, gh)}h∈S so that

maxT⊆Mh
Cgh,δ̂

(T ) = h. This is analogous to using h to represent the maximum diameter

of a simplex.

Definition 5. Let {(Mh, Th, gh)}h∈S and the maps fh,T : T̂ → Mh be as in Definition

(4), such that maxT⊆Mh
Cgh,δ̂

(T ) = h. If there exists a number 0 < K ′ < ∞ such that

Cδ̂,gh
(T ) ≤ K ′h−1 for all h ∈ S, T ∈ Th then we will say that the family of manifolds and

Regge metrics has the Riemannian Quasi-Uniformity Property.

The quantity Cδ̂,gh
(T ) measures how much the map fh,T can shrink the length of a

curve (measured in the gh metric) compared to its Euclidean length in the standard unit
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Figure 3.1: Example in which M is a smooth curve in R2 and ϕ :M → R2 is a projection

onto a straight line. The maps fh,T : [0, 1] →M can be taken as compositions of the affine

maps f̃h,T : T̂ → ϕ(T ) with the nonlinear map ϕ−1.

simplex. By bounding it from above, we assert that the simplices do not “shrink too fast”

relative to h. As before, the usual notion of quasi-uniformity in curvilinear coordinates

implies Riemannian-quasi-uniformity.

Lemma 8. With the assumptions of Lemma 7, and the additional assumptions:

5. Cg,gh(T ) ≤ C for all h ∈ S, T ∈ Th,

6. there exists 0 < K ′ <∞ such that 0 < 1
K′h ≤ infv ̸=0

∥f̃h,T v∥
∥v∥ for all h ∈ S, T ∈ Th,

then {(M, Th, gh)}h∈S has the Riemannian quasi-uniformity property.

Condition 6 is equivalent to the usual quasi-uniformity property 1
K′h ≤ ρT .

Proof of lemma 8. We already know that Cδ̂,gh
(T ) ≤ Cδ̂,δUi

(T )CδUi
,g(T )Cg,gh(T ) and Cδ̂,δUi

(T ) =

supv ̸=0
∥v∥

∥f̃h,T v∥ = 1

infv ̸=0
∥f̃h,T v∥

∥v∥

≤ 1
1
K′ h

. Therefore Cδ̂,gh
(T ) ≤ maxiCδUi

,g(Vi)CK
′h−1.
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Remark 6. The maps ϕi do not need to be smooth embeddings on their whole domain,

they merely need to be smooth embeddings when restricted to each simplex. An option

for generalization would be to instead use a family of maps {ϕi,h}h∈S such that ϕi,h :

Ui → RKi is a piecewise-smooth embedding for Th, and there exist smooth embeddings

ϕi : Ui → RKi and a constant C such that ∥dϕji,h − dϕji∥L∞(Vi,g) ≤ C for all h ∈ S

and each coordinate j = 1, . . . ,Ki. If C is small enough, CδUi,h
,g(Vi) and Cg,δUi,h

(Vi) are

both uniformly bounded, which would suffice to show shape-regularity and quasi-uniformity

using the maps fh,T = ϕ−1
i,h ◦ f̂h,T . This could be useful, for instance, if M is a smooth

hypersurface in Rn+1, g is the metric on M inherited from Rn+1, and a piecewise-flat

triangulated surface is used to approximate the smooth surface. The mesh Th could be

obtained by projecting from the approximate surface to the true surface, and the maps ϕi,h

could be defined as the inverse of this projection map, with codomain Rn+1. The nearby

smooth maps ϕi could each be defined as the inclusion map M ↪→ Rn+1. It must be stressed

that in this situation, the approximate metrics gh need not necessarily be obtained from

ϕi,h, but setting gh equal to the pullback under ϕi,h of the Euclidean metric on Rn+1 would

yield a first-order approximation of g.

To emphasize the roles of the different quantities, we will define hT := Cgh,δ̂
(T )

and ρh,T := 1
Cδ̂,gh

(T ) . The Riemannian shape-regularity property can be rephrased as

hT
ρh,T

≤ K and the Riemannian quasi-uniformity property can be rephrased as ρh,T
−1 ≤

K ′h−1. We will also distinguish the bound on volume deformation by setting KV :=

maxT⊆M Dgh,δ̂
(T )Dδ̂,gh

(T ), since volumes typically transform differently than lengths in

the scaling arguments. Note also that ρh,T ≤ hT since 1 = Cgh,gh(T ) ≤ Cgh,δ̂
(T )Cδ̂,gh

(T ) ≤

K.

The value of Riemannian shape-regularity even in the circumstances when Lemmas (7)

and (8) apply is that the resulting estimates for K, KV , and K
′ are overestimates unless

the coordinate maps happen to be isometric embeddings for the smooth metric g. This

discrepancy is especially problematic if g is highly curved.
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Corollary 3 (Trace Inequality for Shape-regular Simplicial Complexes). If {(Mh, Th, gh)}h∈S
is Riemannian shape-regular, then there exists Ĉ independent of h, T, α such that, for all

T ∈ Th and α ∈ H1Ωp,k(T, gh),

∥i∗∂Tα∥L2(∂T,gh) ≤ Ĉ
√
KVK

k+p
[
ρh,T

− 1
2

(
1 +Kk+p+1

√
KV ∥∇̂gh∥L∞(T,δ̂)

)
∥α∥L2(T,gh)

+K
1
2h

1
2
T ∥∇hα∥L2(T,gh)

]
.

Corollary 4 (Inverse Inequality for Shape-regular Simplicial Complexes). If {(Mh, Th, gh)}h∈S
is Riemannian shape-regular, V̂ ⊂ H(d)Ωk(T̂ , δ) is finite-dimensional, Vh := f−∗

h,T (V̂ ), then

there exists Ĉ depending only on V̂ , n, and k such that for all uh ∈ Vh,

∥duh∥L2(T,gh) ≤ Ĉ
√
KVK

k+1ρh,T
−1∥uh∥L2(T,gh).

Likewise if V̂ ⊂ H1Ωp,k(T̂ , δ) is finite-dimensional, Vh := f−∗
h,T (V̂ ), then there exists Ĉ

depending only on V̂ , n, k, and p such that for all uh ∈ Vh,

∥∇huh∥L2(T,gh) ≤ Ĉ
√
KVK

k+pρh,T
−1
(
1 + ∥∇̂gh∥L∞(T,δ̂)

)
∥uh∥L2(T,gh).

3.3 Error Analysis of the Hodge-Laplace Problem on Man-

ifolds with Regge Metrics

In this section we will work out finite element a priori error analysis for the Hodge-Laplace

problem on manifolds with Regge metrics, building on the foundation of geometric varia-

tional crimes [36]. This section is mostly a straightforward application of existing theory.

Briefly, we start with a compact smooth Riemannian manifold with corners (M, g) and

the L2-de Rham complex of differential forms, on which the Hodge-Laplace problem can

be posed in the strong form (for a source term f ∈ L2Ωk(M, g)):

(dδ + δd)u = f on M̊, (3.11)

i∗∂M ⋆ u = i∗∂M ⋆ du = 0. (3.12)
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The space of harmonic forms Hk(M, g) := {α ∈ H(d)Ωk(M, g) ∩H(δ)Ωk
n(M, g) : dα =

δα = 0} can be shown to be equal to the closure of the set {u ∈ C∞Ωk(M) : (dδ + δd)u =

0, i∗∂M ⋆ u = i∗∂M ⋆ du = 0} in H1Ωk(M, g) [56]. This is significant as the solution is only

unique up to addition by a harmonic form, and the fact that the space of harmonic forms

is compactly embedded in L2 is a key component in proving the well-posedness of weak

formulations of the problem.

There is a mixed weak formulation of this problem, which is well-posed [2, 3]: Find

(σ, u, p) ∈ H(d)Ωk−1(M, g)×H(d)Ωk(M, g)×Hk(M, g) such that, for all (τ, v, q) ∈ H(d)Ωk−1(M, g)×

H(d)Ωk(M, g)× Hk(M, g),

⟨σ, τ⟩L2(M,g) − ⟨dτ, u⟩L2(M,g) = 0

⟨dσ, τ⟩L2(M,g) + ⟨du, dv⟩L2(M,g) + ⟨p, v⟩L2(M,g) = ⟨f, v⟩L2(M,g)

⟨u, q⟩L2(M,g) = 0.

(3.13)

Remark 7. Note that f does not necessarily need to be in L2Ωk(M, g), as the mixed weak

formulation is well-posed for any element of H(d)Ωk(M, g)∗. From now on we will use F

to refer to such a functional. While this change is not necessarily meaningful for the strong

formulation of the problem, it can still be useful in geometric applications, as we will see

in the next section.

To approximate this boundary value problem, we would like to use a finite-dimensional

subcomplex V k
h ⊂ H(d)Ωk(M, gh) where gh is a Regge metric on a triangulation Th which

approximates g, such that d(V k
h ) ⊂ V k+1

h . We will use V k
h to refer to this space with the

H(d)Ωk(M, gh) norm, and W k
h to refer to the same space with the L2Ωk(M, gh) norm. The

space of discrete harmonic forms is given by Hk
h := {u ∈ V k

h : du = 0, ⟨u, dη⟩L2(M,gh) =

0∀η ∈ V k−1
h }. The discrete weak problem is then: given Fh ∈ V k

h
∗
, find (σh, uh, ph) ∈
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V k−1
h × V k

h × Hk
h such that, for all (τh, vh, qh) ∈ V k−1

h × V k
h × Hk

h,

⟨σh, τh⟩L2(M,gh) − ⟨dτh, uh⟩L2(M,gh) = 0,

⟨dσh, τh⟩L2(M,gh) + ⟨duh, dvh⟩L2(M,gh) + ⟨ph, vh⟩L2(M,gh) = Fh(vh),

⟨uh, qh⟩L2(M,gh) = 0.

(3.14)

To analyze the stability and accuracy of this method in the framework of geometric

variational crimes, we need to produce bounded cochain maps ikh :W k
h → L2Ωk(M, g) and

πkh : H(d)Ωk(M, g) → V k
h such that ikh(W

k
h ) ⊂ H(d)Ωk(M, g) and πkh ◦ ikh = Id. Since

the L2 and H(d) spaces of forms on a compact manifold with corners do not depend (as

topological spaces) on the metric, ikh can simply be the inclusion map W k
h ⊂ L2Ωk(M, g),

and πkh can be a family of bounded cochain projection operators H(d)Ωk(M, g) → ikh(V
k
h ).

This will induce bounded cochain maps W k
h → L2Ωk(M, g) and H(d)Ωk(M, g) → V k

h

with the desired properties so long as Cgh,g(M) and Cg,gh(M) are uniformly bounded with

respect to h.

Specifically,

∥ikh∥L(Wk
h ,L2Ωk(M,g)) = sup

vh∈Wh\{0}

∥vh∥L2Ωk(M,g)

∥vh∥L2Ωk(M,gh)

≤

√(
n

k

)
Cgh,g(M)k

√
Dg,gh(M)

and

∥πkh∥L(H(d)Ωk(M,g),V k
h ) = sup

v∈H(d)Ωk(M,g)\ kerπk
h

∥πkh(v)∥H(d)(M,gh)

∥πkh(v)∥H(d)(M,g)

∥πkh(v)∥H(d)(M,g)

∥v∥H(d)(M,g)

≤ sup
vh∈V k

h \{0}

∥vh∥H(d)(M,gh)

∥vh∥H(d)(M,g)
sup

v∈H(d)Ωk(M,g)\{0}

∥πkh(v)∥H(d)(M,g)

∥v∥H(d)(M,g)

≤

√(
n

k

)
max(Cg,gh(M)k, Cg,gh(M)k+1)

√
Dgh,g(M)∥πkh∥L(H(d)Ωk(M,g),H(d)Ωk(M,g)).

We will take the existence of a family of commuting projection operators πkh : H(d)Ωk(M, g) →

ikh(V
k
h ) as given. Such operators have been constructed, mostly for Euclidean domains [18]

and somewhat recently for Riemannian manifolds [43]. Their construction is not trivial.

However, it is worth noting that the canonical degrees of freedom for the PrΛ
k and P−

r Λk
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spaces from finite element exterior calculus [3] are completely independent of the metric

when applied to smooth forms, as they only depend on integrals of smooth differential

j-forms over j-simplices (for j ≥ k) and a local homotopy operator κ. The difficulty is

in constructing a smoothing operator H(d)Ωk(M, g) → C∞Ωk(M) that is bounded in the

H(d) norm, commutes with the exterior derivative, and preserves boundary conditions.

Theorem 3.9 in [36] establishes that the discrete problem is well-posed with a uniform

inf-sup constant, while Corollary 3.11 in [36] establishes that the following error bound

holds:

∥σ − σh∥H(d)(M,g) + ∥u− uh∥H(d)(M,g) + ∥p− ph∥L2(M,g)

≤ C

[
inf

τ∈V k−1
h

∥σ − τ∥H(d)(M,g) + inf
v∈V k

h

∥u− v∥H(d)(M,g) + inf
q∈V k

h

∥p− q∥H(d)(M,g)

+ inf
v∈V k

h

sup
r∈Hk(M,g)\{0}

∥(Id− πkh)r∥L2(M,g)

∥r∥L2(M,g)
∥PBu− v∥H(d)(M,g)

+ ∥Fh − F∥V k
h

∗ +
(
∥Id− Jh∥L(Wk−1

h ,Wk−1
h ) + ∥Id− Jh∥L(Wk

h ,Wk
h )

)
∥F∥H(d)Ωk(M,g)∗

]
,

(3.15)

where Jh := ikh
∗◦ikh, ikh

∗
: L2Ωk(M, g) →W k

h is the L2 adjoint of ikh, and PB : L2Ωk(M, g) →

L2Ωk(M, g) is the orthogonal projection onto the closed subspaceB = {dv : v ∈ H(d)Ωk−1(M, g)}.

The proof of Theorem 3.10 in [36] can be carried out with minimal modifications using

F ∈ H(d)Ωk(M, g)∗, Fh ∈ H(d)Ωk(M, gh)
∗, and dual norms thereof in place of ⟨i∗hf, ·⟩h,

⟨fh, ·⟩h, and L2-norms thereof, respectively; this is because, as noted in Remark 7, the

weak forms are all well-posed for this more general class of functionals, and the dual

norm can be used in place of the Cauchy-Schwarz inequality when obtaining the bound

⟨fh − i∗hf, vh⟩h ≤ ∥fh − i∗hf∥h∥vh∥Vh
. Again, this is not necessarily meaningful for the

original strong formulation (3.11), but it can still be useful in practice.

Our main contribution that is not covered by existing literature will be putting bounds

on ∥Id− Jh∥ that depend only on intrinsic quantities associated to a Regge metric.
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Theorem 9. There exists C depending only on n and k such that, if ∥g−gh∥L∞(M,gh) <
1
C ,

then

∥Id− Jh∥L(Wk
h ,Wk

h ) ≤
(
n

k

)
C
[
2 + C∥gh − g∥L∞(M,gh)

]
∥gh − g∥L∞(M,gh), (3.16)

where ∥g − gh∥L∞(M,gh) = ess supx∈M supV,W∈Tx(M)\{0}
|(g−gh)(V,W )|
∥V ∥gh∥W∥gh

.

Remark 8. Note that the h-dependent norms on the right-hand side of the above in-

equality can be replaced by h-independent norms using the fact that ∥g − gh∥L∞(M,gh) ≤

Cgh,g(M)2∥g − gh∥L∞(M,g).

Proof of theorem 9. Jh has an explicit formula in terms of the Hodge star operators for

g and gh. First, we note that, from the definition of the L2(M, g) and L2(M, gh) inner

products, we have that

∑
T⊆M

∫
T
u∧ ⋆h(⋆−1

h ⋆ v) =

∫
M
u∧ ⋆v = ⟨u, v⟩L2(M,g) = ⟨u, Jhv⟩L2(M,gh) =

∑
T⊆M

∫
T
u∧ ⋆hJhv.

So, the two maps v 7→ ⟨u, ⋆−1
h ⋆v⟩L2(M,gh) and v 7→ ⟨u, Jhv⟩L2(M,gh) are identical for any

u ∈W k
h . This is only possible if Jh = ⋆−1

h ⋆.

Firstly we will define some quantities related to any pair of orthonormal coframes.

Let {θi}ni=1 be a g-orthonormal coframe and {θih}ni=1 be a gh-orthonormal coframe, which

induce the same orientation on T ∗
x (T ). This gives us bases {θI}|I|=k and {θJh}|J |=k for

Λk
x(M). They are related by the change of basis matrix (with each multi-index assigned

an integer index) ΘI
J := ⟨θI , θJh ⟩h. For each I there is also a unique multi-index called

[n]\I and a quantity σ(I) such that ⋆θI = (−1)σ(I)θ[n]\I and ⋆hθ
I
h = (−1)σ(I)θ

[n]\I
h . We

will use Θ̃ to refer to the change of basis matrix for Λn−k
x (M), i.e. Θ̃K

L := ⟨θK , θLh ⟩h for

all multi-indices K and L, |K| = |L| = n − k. The enumeration of multi-indices can be

selected so that the integer index corresponding to the multi-index [n]\I in Θ̃ is the same

as that for I in Θ. Since the dimension of Λn−k
x (M) is the same as that of Λk

x(M), the

matrices Θ and Θ̃ have the same shape.
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Thus we can write:

Jh|xθIh = ⋆−1
h ⋆

∑
K

(Θ−1)IKθ
K = ⋆−1

h

∑
K

(−1)σ(K)(Θ−1)IKθ
[n]\K

=
∑
K,J

(−1)σ(K)+σ(J)(Θ−1)IKΘ̃
[n]\K
[n]\J θ

J
h .

So, expressing the endomorphism Id− Jh|x as a matrix in the basis {θIh}, we get

(Id− Jh|x)IJ = δIJ − (−1)σ(J)
∑
K

(−1)σ(K)(Θ−1)IKΘ̃
[n]\K
[n]\J . (3.17)

Now we pick a specific {θh} depending on {θ}. Let the matrix G be defined by (G−1)ij =

⟨θi, θj⟩h. Then let E be the Cholesky factor of G, so θih =
∑

j E
i
jθ

j gives a gh-orthonormal

coframing. Then ΘI
J = ⟨(E−1)i1l θ

l
h ∧ · · · ∧ (E−1)ikmθ

m
h , θ

J
h ⟩h = det([(E−1)iajb ]). Likewise,

Θ̃K
L = det([Eka

lb
]).

Since the Cholesky factorization, inverse, and determinant are all smooth functions,

by Taylor series expansion there exists a constant C such that if ∥G − δ∥m < 1
C , then

∥Θ−1 − δ∥m < C∥G− δ∥m and ∥Θ̃− δ∥m ≤ C∥G− δ∥m.

This constant C depends only on the derivatives of the determinant and Cholesky

square root maps at the matrices [δiajb ] and [δ
([n]\I)a
([n]\J)b ] for each multi-index I and J , and the

derivatives of the inverse map at the
(
n
k

)
×
(
n
k

)
and k × k identity matrices. Therefore it

depends only on n and k.

Lastly, let δ̃IJ := (−1)σ(J)δIJ . Putting all this together with (3.17) we can conclude

|(Id− Jh|x)IJ | =
∣∣∣δIJ − (−1)σ(J)

∑
K

(Θ−1δ̃)IKΘ̃
[n]\K
[n]\J

∣∣∣
=
∣∣δIJ − (−1)σ(J)[δ̃ + δ̃(Θ̃− δ) + (Θ−1 − δ)δ̃ + (Θ−1 − δ)δ̃(Θ̃− δ)]IJ

∣∣
=
∣∣(−1)σ(J)[δ̃(Θ̃− δ) + (Θ−1 − δ)δ̃ + (Θ−1 − δ)δ̃(Θ̃− δ)]IJ

∣∣
≤ ess sup

x∈M
C [2 + C∥G− δ∥m] ∥G− δ∥m

≤ C
[
2 + C∥g − gh∥L∞(M,gh)

]
∥g − gh∥L∞(M,gh).
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Since Id − Jh extends to a bundle endomorphism Λk(T ) → Λk(T ) on each simplex

T ⊆M , it is clearly the case that

∥Id− Jh∥L(Wk
h ,Wk

h ) ≤ ess sup
x∈M

∥Id− Jh|x∥2 ≤
(
n

k

)
ess sup
x∈M

max
I,J

|(Id− Jh|x)IJ |.

This gives the desired bound on ∥Id− Jh∥L(Wk
h ,Wk

h ).

Showing that a complex of finite element spaces {V k
h }nk=0 and/or the approximated

metric gh actually have the approximation properties that lead to a convergent discretiza-

tion would be a complicated matter, but we will sidestep it by assuming we are in a

situation of Lemma 7: there exists a finite closed cover {Wi} of M such that each triangle

T ⊆ M lies entirely within Wi for some i, and each Wi itself lies within a coordinate

chart Ui, and the maps fh,T defining the triangles T ⊆ M are affine when expressed in

these coordinates. In practice, this is a convenient way to describe a computational mesh

on a manifold (see remark 6 for an indication of how less-smooth coordinate maps could

be used as well). For each T ⊆ M , we pick a specific i(T ) so that T ⊂ Wi(T ), and set

∥ · ∥2E :=
∑

T⊆M ∥ · ∥2L2(T,δUi(T )
).

Approximation properties of finite element spaces are usually proved for flat simplices

in Euclidean space, which would correspond to using the norm ∥ · ∥E . By Theorem 6,

∥ · ∥L2(M,g) ≤
√(

n
k

)
maxiCδUi

,g(Wi)
k
√
Dg,δUi

(Wi)∥ · ∥E . This constant does not depend on

gh, Th, or Vh, so approximation properties of Vh proved in the context of local coordinates

are sufficient.

Likewise, ∥g−gh∥L∞(M,g) ≤ maxiCδUi
,g(Wi)

2∥g−gh∥L∞(Wi,δUi
), so approximation prop-

erties of the metric gh may be proved using local coordinates as well.
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3.4 Calculation of Connection Forms as a Hodge-Laplace

Problem

As an application of the geometric methods developed in the previous sections of this paper

to solve a geometric problem, we will approximate the connection 1-form α associated to a

special frame field (e1, e2) on a simply connected 2-dimensional manifold with a smooth Rie-

mannian metric, called (M, g). Specifically, we wish to approximate α = A1
2 := ⟨∇e2, e1⟩.

We want the frame field to have the property that δα = 0. In fact, we require an even

stronger property, that α = δω for some 2-form ω.

First, we note that there actually does exist such a frame. Let (e1, e2) be any smooth

orthonormal frame on (M, g) with corresponding connection form B1
2 = β = df+δω, where

the splitting is unique by the Hodge decomposition, and let Φ : M → SO(2) be a map

which rotates the frame (e1, e2) smoothly on M by the angle θ :M → R. Then the frame

Φ · (e1, e2) has the connection form

AΦ
1
2 = (Φ−1dΦ)12 +Ad(Φ)(A)12,

where Ad denotes the adjoint representation of SO(2) on so(2), defined by Ad(H)(w) :=

HwH−1.

SinceM is 2-dimensional, Ad is the trivial action. Additionally, the so(2)-valued 1-form

Φ−1dΦ is, in coordinates,  0 −dθ

dθ 0

 .
Thus, if Φ is a rotation by θ = −f mod 2π, then AΦ

1
2 = δω, and δAΦ

1
2 = δδω = 0.

The resulting frame (ẽ1, ẽ2) is also unique up to a constant rotation.

The condition we have imposed on A1
2 is reminiscent of the Coulomb gauge from electro-

dynamics, where A would be the magnetic vector potential. While the physical significance

of A1
2 and the frame (e1, e2) are not obvious, the idea is basically the same as gauge fixing.
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To set up a weak form of the equation for α, or more specifically ∗α, we let ω = ∗u,

so that α = ∗du. We then apply the fact that dα = KdA, where dA is the volume form

and K is the Gauss curvature. Thus, by applying integration by parts, we arrive at the

weak form of our problem: find u ∈ H(d)Ω0(M, g) such that, for all v ∈ H(d)Ω0(M, g) and

c ∈ ker d = H0(M, g),

⟨du, dv⟩L2(M,g) =

∫
∂M

vα−
∫
M
vKdA, (3.18)

⟨u, c⟩L2(M,g) = 0. (3.19)

This is in fact a specialization of the abstract Hodge-Laplace problem for the L2(M, g)-

de Rham complex. Note that the right-hand side of (3.18) is zero when evaluated against

any constant function v ∈ ker d, meaning this equation is well-posed as written.

We will describe a discretization of the above problem. Let Th be a Riemannian shape-

regular and quasi-uniform family of triangulations of M (in the sense of Section 3.2.4)

such that hT ≤ h for all T ∈ Th, and let gh be a Regge metric which is smooth on the

interior of each simplex of Th and approximates g. Using a finite-dimensional subspace

Vh ⊂ H(d)Ω0(M, gh) such that for each T ⊆M , f∗h,T (vh) = v̂h for some v̂h ∈ V̂ ⊂ C2Ω0(T̂ )

for a fixed subspace V̂ , the discrete problem is: find uh ∈ Vh such that, for all vh ∈ Vh and

c ∈ Vh ∩ ker d,

⟨duh, dvh⟩L2(M,gh) = ⟨⟨α|∂Mdist(gh), vh⟩⟩ − ⟨⟨KdAdist(gh), vh⟩⟩ (3.20)

and

⟨uh, c⟩L2(M,gh) = 0. (3.21)

The functional KdAdist above is the distributional Gaussian curvature, defined in [6, 28]

as

⟨⟨KdAdist(gh), vh⟩⟩ :=
∑
T⊆M

∫
T
vhKhdAh +

∑
e̊⊂M̊

∫
e
vh[[khdsh]] +

∑
p∈M̊

vh(p)

(
2π−

∑
T∋p

θT (p)

)
.

Above, kh is the geodesic curvature of the edge e as measured by gh and θT (p) is the

interior angle of the triangle T at the point p ∈ ∂T as measured by gh. The functional
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α|∂Mdist is defined as

⟨⟨α|∂Mdist(gh), vh⟩⟩ :=
∑

e⊂∂M

∫
e
vh(dµ− khdsh)−

∑
p∈∂M

vh(p)

(
π − [[µ]]|p −

∑
T∋p

θT (p)

)
,

where µ is the angle that the smooth frame e1 makes with the outward normal vector of

∂M as measured by the smooth metric g.

The above definition of α|∂Mdist is perhaps not very obvious. There are two ways to

make sense of it; one involves proving a generalization of the Gauss-Bonnet theorem to

manifolds with Regge metrics, as we have done in Section 2.4, and the other amounts to

observing that the method converges with this definition. The computed form αh = ⋆hduh

may be interpreted as a form which approximates, in each triangle, the connection form

associated to a special gh-orthogonal frame field (e1, e2)h which makes the same angle

(measured with gh) with the outward normal vector as (e1, e2) does (measured with g) and

such that its associated connection one-form is co-exact.

To take the second route, there is a generalization of Theorem 3.6 of [28] in the case

n = 2:

Theorem 10. Let v be a continuous function such that v|T ∈ C2(T ) for all T ⊆ M , let

and {g(t) : t ∈ [0, 1]} be a family of Regge metrics such that t 7→ g(t)|T is smooth for each

triangle T . Then,

∂

∂t
[⟨⟨α|∂Mdist(g(t)), v⟩⟩ − ⟨⟨KdAdist(g(t)), v⟩⟩] = −1

2
bh(g(t); ġ(t), v).

bh is defined as

bh(g;σ, v) :=
∑
T⊆M

⟨Sσ,∇∇v⟩L2(T,g) −
∑
e⊂M

⟨(Sσ)(n, n), dv([[n]])⟩L2(e,g), (3.22)

where Sσ = σ − tr(σ)g and n denotes the unit normal to e with respect to g.

Note that the definition of bh only depends on the mesh Th and the metric g. Note

also that we abuse notation by using the letter n for the normal vector rather than the

dimension (which in this context is fixed at 2).
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Proof of Theorem 10. Since in our case g = g(t), we will use a subscript t to emphasize

the dependence on the g(t) metric. Therefore

∂

∂t
⟨⟨α|∂Mdist(g(t)), v⟩⟩ =

∂

∂t

− ∑
e⊂∂M

∫
e
vktdst −

∑
p∈∂M

v(p)

(
π −

∑
T∋p

θT (p)

)
= −

∑
e⊂∂M

∫
e
v
∂

∂t
ktdst +

∑
p∈∂M

v(p)
∑
T∋p

∂

∂t
θT (p)

= −1

2

( ∑
e⊂∂M

∫
e
v[d(ġ(nt, τt))(τt) + (div(Sġ))(nt)]dst

−
∑

p∈∂M

∑
T∋p

v(p)[[ġ(nt, τt)]]|p

)
.

The identities used here are established in [28], Section 2. τt is a tangent unit vector

to e.

In the second to last line of the proof of Lemma 3.3 of [28], the following identity is

established (simplified here for the n = 2 case):

bh(g(t); ġ, v) = 2
∂

∂t
⟨⟨(KdA)dist(g(t)), v⟩⟩+

∑
p∈∂M

∑
T∋p

v(p)[[ġ(nt, τt)T ]]|p

−
∑

e⊂∂M

∫
e
v[d(ġ(nt, τt))(τt) + (div(Sġ))(nt)]dst.

Comparing with the value of ∂
∂t⟨⟨α|∂Mdist(g(t)), v⟩⟩, we get the desired result.

Define the functional Fh(g(t)) ∈ V ∗
h by Fh(g(t))(v) := ⟨⟨α|∂Mdist(g(t)), v⟩⟩−⟨⟨KdAdist(g(t)), v⟩⟩.

In the framework of geometric variational crimes, Fh(g) corresponds to the functional F in

(3.15) while Fh(gh) corresponds to the functional Fh on the right of the discrete problem

(3.14) and in (3.15). Therefore a key component of the error analysis will be bounds on

∥Fh(g)− Fh(gh)∥V ∗
h
.
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3.5 Error Analysis of the Connection Form Problem

The purpose of this section is to establish asymptotic error bounds on

∥⋆hduh−⋆du∥L2(M,g) in terms of the metric error. We have already established in Theorem

10 that ∂
∂tFh(g(t); vh) = −1

2bh(g(t); ġ(t), vh). In particular we can set g(t) = tgh+(1− t)g,

so that

∥Fh(g; ·)−Fh(gh; ·)∥V ∗
h
≤ supvh∈Vh

∫ 1
0

1
2
|bh(g(t);gh−g,vh)|dt

∥vh∥Vh
≤ supt∈[0,1]

1
2∥bh(g(t); gh − g, ·)∥V ∗

h
.

Theorem 11. Let (M, g) be a compact disc with Riemannian metric g, and let {(M, Th, gh)}h∈S
be a Riemannian shape-regular and quasi-uniform set of meshes and Regge metrics, and

let Vh ⊂ H(d)Ω0(M, gh) be a space such that for each vh ∈ Vh and each triangle T ⊆ M ,

vh|T = f−∗
h,T (v̂) for some v̂ ∈ V̂ ⊂ C2Ω0(T̂ ), where V̂ is a fixed finite-dimensional subspace

and T̂ is the standard simplex. Assume additionally that there exists an integer r ≥ 0 such

that

1. ∥gh − g∥L2(M,g) = O(hr+1),

2.
(∑

T⊆M ∥∇gh∥2L2(T,g)

) 1
2
= O(hr),

3. ∥gh − g∥L∞(M,g) ≤ C ′ < 1 for all h ∈ S,

4. maxT⊆M ∥∇̂gh∥L∞(T,δ̂) + ∥∇̂g∥L∞(T,δ̂) = O(1), where δ̂ is the flat metric induced by

the map fh,T : T̂ → T and ∇̂ is its associated Levi-Civita connection.

Then, treating values that depend only on (M, g), C ′, and the mesh quality bounds K, KV ,

and K ′ appearing in the definitions of shape-regularity and quasi-uniformity (see Section

3.2.4) as constants, we have

∥bh(g(t); g − gh, ·)∥V ∗
h
∈ O(hr),

where bh is as in equation (3.22).

Proof. We proceed by bounding each term of bh separately. For clarity, we will elide values

which are bounded uniformly by a constant that does not depend on h.
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A few things need to be established to simplify the bounds. We’ll show that Cg,g(t)(M)

and Cg(t),g(M) both converge to 1 as fast as ∥g − gh∥L∞(M,g) converges to zero.

Since for any two Regge metrics g1, g2 which are both smooth in a neighborhood of

x ∈M ,

sup
V ∈TxM\{0}

∥V ∥2g1
∥V ∥2g2

≤ sup
V,W∈TxM\{0}

⟨V,W ⟩g1
∥V ∥g2∥W∥g2

= sup
V,W∈TxM\{0}

⟨V,W ⟩g1 − ⟨V,W ⟩g2
∥V ∥g2∥W∥g2

+
⟨V,W ⟩g2

∥V ∥g2∥W∥g2

≤ ∥g1 − g2∥L∞(M,g2) + 1,

we have Cg(t),g(M)2 ≤ ∥g(t) − g∥L∞(M,g) + 1 and Cg,g(t)(M)2 ≤ ∥g(t) − g∥L∞(M,g(t)) + 1.

Clearly, ∥g(t)−g∥ ≤ ∥gh−g∥ in any metric. To make use of the second inequality, we need

to do some work: Cg,g(t)(M)2 ≤ ∥gh−g∥L∞(M,g(t))+1 ≤ Cg,g(t)(M)2∥gh−g∥L∞(M,g)+1, so

we obtain Cg,g(t)(M)2 = 1+O(∥gh−g∥L∞(M,g)). So, any instance of Cg(t),g(T ), Cg(t),g(M),

Cg,g(t)(T ), or Cg,g(t)(M) will be suppressed. An identical argument allows us to suppress

terms like Cg(t),gh and Cgh,g(t), as well as terms involving D (by part 1 of Lemma 6).

Another technicality that needs to be addressed: if {(M, Th, gh)}h∈S is Riemannian

shape-regular and quasi-uniform, then so is {(M, Th, tg + (1− t)gh)}h∈S for any t ∈ [0, 1],

with constants K(t), KV (t), and K ′(t) bounded by a multiple of those for gh. This is

because Cδ̂,g(t)(T ) ≤ Cδ̂,gh
(T )Cgh,g(t)(T ) and Cg(t),δ̂(T ) ≤ Cg(t),gh(T )Cgh,δ̂

(T ).

Now let us begin bounding the terms of bh. In what follows, we use the letter C to

denote a constant that is independent of h and may change at each occurrence. We have

|⟨Stσ,∇t∇tvh⟩L2(T,g(t))| ≤ ∥Stσ∥L2(T,g(t))∥∇t∇tvh∥L2(T,g(t))

≤ C∥σ∥L2(T,g(t))h
−1
(
1 + ∥∇̂g(t)∥L∞(T,δ̂)

)
∥dvh∥L2(T,g(t))

≤ C∥g − gh∥L2(T,g)h
−1
(
1 + ∥∇̂gh∥L∞(T,δ̂) + ∥∇̂g∥L∞(T,δ̂)

)
∥dvh∥L2(T,gh).

In the above derivation: the first line is an application of Cauchy-Schwarz, the second

is applying the inverse inequality of corollary 4, and the last line is changing from g(t)
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to g or gh norms. Recall that Stσ(V,W ) = σ(V,W ) − (Trtσ)⟨V,W ⟩t, and |Trtσ| ≤

2 supV,W∈Tx(T )
σ(V,W )

∥V ∥t∥W∥t , so ∥Stσ∥L2(T,g(t)) ≤ 3∥σ∥L2(T,g(t)).

Next are the edge terms. Let nα and nβ be the two outward-facing normal vectors of

e for the two triangles Tα ⊃ e and Tβ ⊃ e in g(t)|Tα and g(t)|Tβ
respectively. If e ⊂ ∂M ,

then we will say that nβ = 0 and the terms involving the non-existent Tβ can be ignored.

First we unravel the definitions:

|⟨(Stσ)(nt, nt), dvh([[nt]]⟩L2(e,g(t))| = |⟨σ(τt, τt), dvh([[nt]])⟩L2(e,g(t))|

≤ ∥σ∥L2(e,g(t))

(
∥dvh(nα)∥L2(e,g(t)) + ∥dvh(nβ)∥L2(e,g(t))

)
≤ ∥σ∥L2(e,g)

(
∥dvh∥L2(e,gh) + ∥dvh∥L2(e,gh)

)
. (3.23)

Here we applied the Cauchy-Schwarz inequality and then converted from g(t) norms to

g and gh norms. By a standard application of the scaled trace and inverse inequalities (3)

and (4) to each coefficient of dvh in the coordinates (x̂, ŷ) induced by the diffeomorphism

T̂ → T , we get that for each edge e and each Tα ⊃ e,

∥dvh∥L2(e,gh) ≤ Ch−
1
2 ∥dvh∥L2(Tα,gh).

Plugging this into (3.23), we get

(3.23) ≤ C∥σ∥L2(e,g)h
− 1

2

(
∥dvh∥L2(Tα,gh) + ∥dvh∥L2(Tβ ,gh)

)
≤ Ch−

1
2

(
h−

1
2 (1 + ∥∇̂g∥L∞(Tα,δ̂)

)∥σ∥L2(Tα,g) + h
1
2 ∥∇σ∥L2(Tα,g)

)
(
∥dvh∥L2(Tα,gh) + ∥dvh∥L2(Tβ ,gh)

)
= C

(
h−1

(
1 + ∥∇̂g∥L∞(T,δ̂)

)
∥g − gh∥L2(Tα,gh) + ∥∇gh∥L2(Tα,gh)

)
(
∥dvh∥L2(Tα,gh) + ∥dvh∥L2(Tβ ,gh)

)
.

Here, we applied the trace inequality of Corollary 3 to the σ terms, then rearranged the

h coefficients into a convenient form, then expanded the definition of σ. Note that ∇g = 0.
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From these two bounds on the different terms appearing in bh, it is clear that

|bh(g(t); g − gh, vh)| ≤ C∥dvh∥L2(M,gh)

[( ∑
T⊂M

∥∇gh∥2L2(T,g)

) 1
2

+ h−1∥g − gh∥L2(M,g)

(
2 + max

T⊆M
∥∇̂gh∥L∞(T,δ̂) + ∥∇̂g∥L∞(T,δ̂)

)]
≤ C∥dvh∥L2(M,gh)h

r,

where C depends only on (M, g), the constant C ′ < 1 which bounds ∥g − gh∥L∞(M,g), and

the mesh quality measures K, KV , and K
′.

Since Fh(g; vh) − Fh(gh; vh) = 1
2

∫ 1
0 bh(tg + (1 − t)gh; g − gh, vh)dt, this immediately

implies that ∥Fh(g; ·)− Fh(gh; ·)∥V ∗
h
= O(hr).

With this, we can conclude that if we have a finite element space Vh ⊂ H(d)Ω0(M, gh)

which satisfies the conditions of Theorem 11, and which is contained in a sequence of spaces

admitting bounded cochain projections πkh, and which contains all constant functions and

satisfies infv∈Vh
∥u − v∥H(d)(M,g) = O(hr), and we have an interpolant gh satisfying the

hypotheses of Theorem 11 and ∥g − gh∥L∞(M,g) = O(hr), then ∥duh − du∥L2(M,g) = O(hr)

and hence ∥ ⋆h duh − ⋆du∥L2(M,g) = O(hr).

In the case that M has the topology of a 2-dimensional disc, it is practically sufficient

to consider a shape-regular, quasi-uniform mesh Th on a closed convex domain Ω ⊂ R2 and

construct a finite element space Vh using this mesh, such as Lagrange elements of order r.

Additionally, setting δ̄ to the Euclidean metric induced by this coordinate choice, we have

∇̂ = ∇̄ since fh,T is affine when expressed in this coordinate system, so ∥∇̂g∥L∞(T,δ̂) ≤

Cδ̄,δ̂(T )
3∥∇̄g∥L∞(T,δ̄) ≤ Ch3∥∇̄g∥L∞(T,δ̄) if mesh elements have Euclidean diameter O(h),

and likewise for gh. Order-r interpolants gh for g satisfying the other hypotheses of Theorem

11 also exist, since interpolants with the correct convergence properties in Euclidean space

exist [28] and the Euclidean metric is obviously related to the g metric in a bounded way.
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3.6 Numerical Example and Benchmarking

The discrete problem presented in Section 4 was implemented in python using the NG-

Solve framework [54, 55]. In order to benchmark against an analytically solved example,

such an example needed to be calculated. We chose a spherical cap of radius 1 with the

parametrization (x, y) 7→ (x, y,
√
1− x2 − y2) because it is easy to calculate the Gauss

curvature, and we were lucky to guess the correct frame:

e1 =

√
1− x2 − y2

1− y2
∂

∂x
,

e2 =
−xy√
1− y2

∂

∂x
+
√
1− y2

∂

∂y
,

α = − 1√
1− x2 − y2

(
ydx+

xy2

1− y2
dy

)
.

It can be checked (with much labor) that dα = 1√
1−x2−y2

dx ∧ dy = KdA, d ⋆ α = 0,

and α = ⟨∇e2, e1⟩.

Our benchmarks were evaluated on the domain (x, y) ∈ [−1
4 ,

1
4 ]

2. Meshes were created

with the “GenerateMesh” function, generating unstructured meshes with (Euclidean) edge

length approximately equal to h. Each interior vertex was then perturbed with uniform

randomness in the range [−h
4 ,

h
4 ]

2. The order-r Regge finite element space [42] and in-

terpolant described in [28, Appendix A] was used for gh, and the order-r Lagrange finite

element space was used for Vh. The python code used to produce this data can be provided

upon request.

As one can see from Figure 1, the numerical scheme’s convergence in the L2(M, g)-norm

very closely matches a priori predictions.
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Figure 3.2: Graphs of the relative error ∥duh − ⋆α∥L2(M,g)/∥α∥L2(M,g) vs. the parameter h

which controls the diameter of mesh elements.

108



r = 0 r = 1

h E ndof E ndof

2.5E-1 8.75E-1 22 8.73E-1 66

1.3E-1 4.16E-1 86 3.48E-1 306

6.3E-2 2.36E-1 310 1.69E-1 1170

3.1E-2 2.18E-1 1286 7.93E-2 5010

1.6E-2 1.85E-1 4906 4.01E-2 19362

7.8E-3 1.73E-1 19334 2.00E-2 76818

3.9E-3 1.74E-1 76274

r = 2 r = 3

h E ndof E ndof

2.5E-1 1.56E-2 134 9.00E-3 226

1.3E-1 3.80E-3 662 5.24E-4 1154

6.3E-2 9.75E-4 2582 5.06E-5 4546

3.1E-2 1.78E-4 11174 6.06E-6 19778

1.6E-2 4.15E-5 43370 7.09E-7 76930

7.8E-3 1.05E-5 172454

Figure 3.3: Table containing h = average triangle diameter, E = relative error of duh

measured in the L2(M, g) norm, ndof = total degrees of freedom (including those used in

constructing the Regge metric).
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Chapter 4

Surface Tension in PISALE

4.1 Introduction

We now turn from abstract, intrinsic geometry to applied, extrinsic geometry.

Surface tension is the name given to the force which arises from the interface of a liquid

with a gas or another liquid with which it cannot form a solution. It is very closely related

to the capillarity or adhesion between a liquid and a solid. In all cases, the force arises

from the surface energy of the interface. This energy is exactly the discrepancy between

the electro-chemical potential energy of molecules that lie on the boundary of a liquid, and

the potential energy of molecules internal to the liquid. The potential energy discrepancy

per unit area of the interface is a number called γ, a function on S which depends on

chemical properties of the interface, and the additional potential energy induced by the

interface S is modeled as
∫
S̊ γdS [24].

By making some assumptions about the smoothness of the interface and applying the

principle of virtual work (more details on this procedure will be provided in the next

section), the stress term corresponding to this energy is [11]
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⟨Σst, V ⟩ =
∫
S̊
(γ2Hn⃗+∇Sγ) · V dS −

∑
c

∫
c

∑
∂Sk⊃c

γkϵkνk · V dc, (4.1)

where H is the mean curvature of S (measured with normal vector n⃗), n⃗ is the outward-

pointing normal vector, ∇Sγ is the tangential derivative of γ along S, γk is the surface

tension coefficient of the interface component Sk, c ranges over the set of regular intersec-

tions of interface components, and ϵkν⃗k = ±ν⃗k is the conormal vector of Sk at c (either

inward-pointing or outward-pointing, depending on the orientation induced on c by Sk).

This could be interpreted as a force Fst = γ2Hn⃗ + ∇Sγ supported on S and a force

Fcap = −
∑

k γkϵkνk supported on the regular multi-points. These forces are singular,

behaving like delta distributions on their support. Surface tension could thus be understood

as a generalized hyperbolic mean curvature flow.

The different terms of this integral formula are usually treated differently in fluid me-

chanics literature. The term γ2Hn⃗ can be reinterpreted as a jump in the pressure values

experienced by two fluids at the intersection, which is the content of the Young-Laplace

equation. The ∇Sγ term is often referred to as the Marangoni force, which has been exper-

imentally shown to result in unintuitive dynamics [13]. The terms at regular intersections

between multiple interfaces are sometimes called capillary forces, and setting them to zero

yields Young’s relation on the contact angle [62].

Surface tension is a very important phenomenon to model for experiments relating

to droplets and their shape. An application that was of interest for the Pacific Islands

Structured Arbitrary Lagrangian Eulerian (PISALE) group was the dynamics of cryogenic

hydrogen droplets heated by an x-ray free electron laser (XFEL) and how the expanding

droplet interacts with unheated droplets as described by Parisuaña [4]. For this application,

it was necessary to verify and update the surface tension module.

The currently used method for calculating surface tension forces uses height functions,

which use the volume fractions stored in each computational cell to approximate the inter-

face’s as the graph of a function. A detailed look at these surface tension modules is given
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in the final section.

4.2 Geometrical Derivation of Surface Tension

In this section we will derive the surface tension force using the principle of virtual work.

We begin with the assumption that S, the interface, is a finite union of oriented C1 man-

ifolds with corners, such that the intersection of any two distinct components Sk, Sj is

a codimension-1 face of both. We also assume that the surface tension γ is a bounded

integrable function defined on S which is independent of time and C1 when restricted to

the relative interior of each component.

Next we would like to apply the principle of virtual work. We will derive a force from

an energy by using the definition

Wσ|[t1,t2]
=

∫ t2

t1

F · σ̇dt,

where σ is a hypothetical trajectory of the system and F is a force. For instance, σ : R → R3

may be the path a particle takes in 3-d space. So, if we assert that the alternate definition

−Wσ = E(t2)− E(t1) is also correct, where E is the total potential energy, we can derive

that, for any trajectory σ,

F (σ(0)) · σ̇(0) = lim
h→0

1

2h

∫ h

−h
F · σ̇dt = − ∂

∂t

∣∣
t=0

E(t).

In continuum mechanics, the configuration space is the set of diffeomorphisms R3 → R3,

and a trajectory is a smooth path through the space of such diffeomorphisms, in other words

the flow of a vector field V : R3 → TR3. E is the surface energy E[S] =
∫
S̊ γdS. What

the principle of virtual work tells us is that the surface tension force is the functional Σst

defined by ⟨Σst, V ⟩ = − ∂
∂t |t=0E[S(t)], where S(t) = eV t(S) is the image of S under the

time-t flow of the vector field V .

To calculate ∂
∂t |t=0E[S(t)], first we will restrict ourselves to only one component Sk of S.

Then take an oriented orthonormal frame F (t) = (F1(t), F2(t), n⃗(t)) for each t ≥ 0, so that
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(F1(t), F2(t)) is a positively oriented orthonormal frame on S(t) and dS(t) = θ1(t) ∧ θ2(t).

Let all of these frames be extended to smooth orthonormal frames on a neighborhood Ω of

S, so that F (t) = F (0) ·U(t) for some map U : Ω× [0, 1] → O(3), and set θi := θi(0). Note

that γ is transported along the flow of V as well; specifically, we will define γk(t) := γk◦e−V t,

so that γk(t) is constant along any integral curve of V . We will also need to extend each

γk(t) to a smooth function on a neighborhood of Sk, with the special property that γk(t)

must have zero derivative in the direction normal to Sk(t).

The form θ1(t)∧ θ2(t) is therefore equal to (U1
1U

2
2 −U2

1U
1
2 )θ

1∧ θ2+(U1
1U

3
2 −U3

1U
1
2 )θ

1∧

θ3 + (U2
1U

3
2 − U3

1U
2
2 )θ

2 ∧ θ3. The coefficients are all determinants of 2x2 minors of U , so

we will shorten it to det(A(t))θ1 ∧ θ2 + det(B(t))θ1 ∧ θ3 + det(C(t))θ2 ∧ θ3. Note that

det(A(0)) = 1 and det(B(0)) = det(C(0)) = 0, since these are minors of the 3x3 identity

matrix.

Therefore, because Sk is compact, the derivative can be moved into the integral sign:

∂

∂t

∣∣
t=0

∫
S̊k(t)

i∗Sk(t)
γk(t)θ

1(t) ∧ θ2(t)

=
∂

∂t
|t=0

∫
S̊k

i∗Sk
eV t∗(γk(t)θ

1(t) ∧ θ2(t))

=

∫
S̊k

γki
∗
Sk

[
∂

∂t
|t=0 det(A(t))θ

1 ∧ θ2 + ∂

∂t
|t=0 det(B(t))θ1 ∧ θ3 + ∂

∂t
|t=0 det(C(t))θ

2 ∧ θ3)
]

+

∫
S̊k

i∗Sk
γ̇k(0)

[
det(A(0))θ1 ∧ θ2 + det(B(0))θ1 ∧ θ3 + det(C(0))θ2 ∧ θ3

]
+

∫
S̊k

i∗Sk

∂

∂t
|t=0e

V t∗ [γk det(A(0))θ1 ∧ θ2 + γk det(B(0))θ1 ∧ θ3 + γk det(C(0))θ
2 ∧ θ3

]
=

∫
S̊k

γktr(Ȧ(0))θ
1 ∧ θ2 +

∫
S̊k

i∗Sk
dγk(−V )θ1 ∧ θ2 +

∫
S̊k

i∗Sk
LV (γkθ

1 ∧ θ2)

=

∫
S̊k

−V · ∇SγkdS + i∗Sk
LV (γkθ

1 ∧ θ2)

In the first line of the above derivation, the pullback formula was applied to Sk(t) =

eV t(Sk). In the second line the derivative was moved into the integral sign, θ1(t) ∧ θ2(t)

was expanded in terms of θi∧ θj , and the chain and product rules were used to expand the

derivative into three different terms (using the fact that eV 0 = Id).
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In the third line, the pullback was applied to the forms in the first term, canceling all

but the one involving θ1 ∧ θ2, and the identity ∂
∂t |t=0 det(A(t)) = tr(Ȧ(0)) was applied.

The derivative of γk(t) = γk ◦ e−V t was calculated explicitly in the second term. In the last

term we used the known values of the determinants of A(0), B(0), and C(0) and used the

definition LV (α) :=
∂
∂t |t=0e

V t∗α.

In the fourth line, we applied the fact that A is the upper 2x2 submatrix of the O(n)-

valued matrix field U , so that Ȧ(0) ∈ so(2) and its trace is zero.

To simplify the Lie derivative term, we will use “Cartan’s magic formula”, which is the

identity LV (α) = V ⌟dα+ d(V ⌟α). So, we get:∫
S̊k

i∗Sk

(
V ⌟d(γkθ

1 ∧ θ2) + d(V ⌟γkθ
1 ∧ θ2)

)
=

∫
S̊k

i∗Sk

(
V ⌟(dγk ∧ θ1 ∧ θ2 + γkdθ

1 ∧ θ2 − γkθ
1 ∧ dθ2)

)
+

∫
∂Sk\Ek

i∗∂Sk
(V ⌟γkθ

1 ∧ θ1)

=

∫
S̊k

γki
∗
Sk
V ⌟(−ω1

j ∧ θj ∧ θ2 + θ1 ∧ ω2
j ∧ θj) +

∫
∂Sk\Ek

γkV · νkdck.

In the first line above, the integration by parts theorem for Whitney manifolds was

applied and the exterior derivatives were expanded out. In the second line, the structure

equations dθi = −ωi
j ∧ θj were applied, where ωi

j(X) := ⟨∇XFj , Fi⟩ is the connection

form, and we applied the fact that γk does not vary in the normal direction, so that

dγk ∈ Span({θ1, θ2}). Finally we used the fact that i∗∂Sk
(V ⌟θ1 ∧ θ2) = V · νkdck, where

dck is the length form on ∂Sk\Ek induced by the orientation of Sk and νk is the outward

conormal vector.

Note that ωi
i = 0 for any i, and define Γi

jl by ω
i
j = Γi

jlθ
l. Then we can simplify this

integral yet further:
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∫
S̊k

γki
∗
Sk

(
V ⌟(−ω1

j ∧ θj ∧ θ2 + θ1 ∧ ω2
j ∧ θj)

)
=

∫
S̊k

γki
∗
Sk

(
V ⌟(−Γ1

31θ
1 ∧ θ3 ∧ θ2 + Γ2

32θ
1 ∧ θ2 ∧ θ3)

)
=

∫
S̊k

γki
∗
Sk

(
V ⌟(Γ1

31 + Γ2
32)θ

1 ∧ θ2 ∧ θ3
)

=

∫
S̊k

γk(Γ
1
31 + Γ2

32)θ
3(V )θ1 ∧ θ2

Lastly, note that Γ1
31 + Γ2

32 = −Γ3
11 − Γ3

22 = −⟨∇F1 n⃗, F1⟩ − ⟨∇F2 n⃗, F2⟩ = −2H where

H is the mean curvature, which is defined as one half the trace of the second fundamental

form.

In summary, we have that the variation of the energy of the k’th component is equal

to
∂

∂t
|t=0E[Sk(t)] =

∫
S̊k

(−2Hγkn⃗−∇Sk
γk) · V dS +

∫
∂Sk\Ek

γkV · νkdck.

When all these terms are added together, we must take care to track orientations on

∂Sk, since we can only choose one orientation dc = ±dck for each of the arcs c that lie

at the intersection of two or more interface components. Nonetheless, we get the claimed

equation (4.1):

⟨Σst, V ⟩ := − ∂

∂t
|t=0E[S(t)] =

∫
S̊
(2Hγn⃗+∇Sγ) · V dS −

∑
c

∫
c

∑
∂Sk⊃c

γkϵkνk · V dc.

4.3 PISALE

PISALE uses a staggered-grid, Lagrangian formulation with position and velocity being

nodal variables and density, internal energy, temperature, pressure, strain, and stress being

zonal (cell centered) variables [40]. The mesh is regular and (topologically) cubical, but the

nodes may change position over time (this is what ‘Lagrangian’ means). In this Lagrangian
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formulation (in vector and indical notation i, j, k = 1, 2, 3) we have:

Dρ

Dt
= −ρ∇ · U⃗ = ρUi,i (4.2)

DU⃗

Dt
=

1

ρ
(∇ · σ +B) =

1

ρ
(σij,j +Bi) (4.3)

De

Dt
=

1

ρ
V s : ε̇− PV̇ =

1

ρ
V (sij ε̇ij)− PV̇ (4.4)

where

D

Dt
=

∂

∂t
+ U⃗ · ∇

is the substantial derivative, ρ is the density, U⃗ = (u, v, w) is the material velocity, B is the

body force per unit volume, t is time, σ is the total stress tensor, P is the pressure, e is

the internal energy, V is the relative volume (ρV = ρ0 where ρ0 is the reference density),

s is the deviatoric stress defined as

sij = σij + Pδij , (4.5)

where δ is the Kronecker delta, and ε̇ is the strain rate tensor defined as

ε̇ij =
1

2

(
∂Ui

∂xj
+
∂Uj

∂xi

)
. (4.6)

These equations are discretized using finite volumes for advection and finite differences

to calculate stress. A Volume Of Fluid (VOF) formulation with interface reconstruction is

used to represent multiple materials and handle material advection during the ALE remap

step. During a simulation, the volume fraction of each material in a mixed zone is stored

and the actual interface is only reconstructed as needed, such as during mesh refinement.

Volume fractions in mixed zones are used for weighting the pressures, densities, stresses,

etc., to obtain cell averaged quantities. Volume fractions are used during refinement of

neighboring zones to determine the orientation of each interface and the actual location

is determined by the volume fraction in the zone. A 2nd-order predictor-corrector model

is utilized for time integration. We mix the ALE scheme with adaptive mesh refinement
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(AMR) and in the code both the ALE and the AMR schemes can work independently to

give zonal modification and potentially improve accuracy and/or runtime to solution.

4.4 Surface Tension Approximation

Surface tension models within the PISALE framework have been implemented in several

ways [44]. These models were originally introduced to allow for simulation of phenomena

such as droplet deformation in Extreme Ultraviolet(EUV) lithography [51], and include the

ability to deal with multiple material interfaces unlike more restrictive methods based on

level sets [57]. One method is implemented by adding a third-order space derivative to the

stress that is derived thermodynamically based on the Van der Waals-Cahn-Hilliard free

energy. However, this is no longer used because it required excessively small mesh sizes to

accurately resolve the boundary.

A second approach is based on two-fluid Volume-of-Fluid (VOF) models, based on the

so-called Continuous Surface Force (CSF) method [10]. In this method, the interface is

approximated with a region of finite thickness δ > 0, where δ is approximately the cell

width, composed of level sets of a smoothed indicator function c̃, which (outside of the

interface region) is equal to 1 at the interior of one fluid and equal to 0 at the interior of

another. The surface tension stress term Fst is approximated using a body force which is

equal to the total force induced by all level sets in the interface, divided by δ to approximate

the singular nature of these body forces. The capillary term Fcap is neglected in this

formulation.

The CSF method requires three main components: an approximation of c̃, an approxi-

mation of the normal vector n⃗ = ∇c̃
∥∇c̃∥ , and an approximation of the curvature 2H ≈ ∇ · n⃗.

Brackbill’s original implementation of the CSF method simply discretized 2H ≈ ∇ · ∇c̃
∥∇c̃∥

directly from a piecewise-constant VOF field c̃ using finite differences, but this results in

so-called parasitic currents which are organized, persistent miscalculations of the surface

tension force that ultimately deform droplets to an unacceptable degree. Much work has
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gone into removing parasitic currents from CSF-based methods [19, 35, 45].

A popular way to smooth c̃ that can help with parasitic currents is to use height

functions. These work by first choosing a stencil for each cell C, which is an oriented

rectangle of cells centered at C, oriented in the sense that one of the logical mesh coordinates

i, j, k is “up”. In the case of PISALE, this is a 3x3x7 rectangle in 3d. Assuming the

“up” direction is the k coordinate, the height function is a map F on the other logical

coordinates, given by F (i, j) =
∑

k c̃(i, j, k). A typical method, implemented in PISALE,

is to take a polynomial approximation P of F using a least-squares fit, and set n⃗L to

the normal vector of the level set P = 1
2 . Then a linear approximation ψ of the (implicit)

coordinate map Ψ(i, j, k) = (x, y, z) which maps logical coordinates to physical coordinates

is calculated using central differences, and the approximate normal vector n⃗ = ψ(n⃗L) and

the corresponding approximate mean curvature H at the cell center C can be calculated

and redistributed to the cell’s vertices in a straightforward manner using only ψ and P .

Classical height functions perform well when the coordinate map Ψ is linear in a neigh-

borhood of C, so that ψ is exact. In this case the discretization error is O(h2), where h

is the average cell width. However, for even modest nonlinearities, it is possible for the

method to fail to converge. Since Ψ is generally only bilinear on the interior of each cell,

this is quite bad, especially when the mesh is being allowed to evolve over time.

In two dimensions, an alternative method is available. Instead of using the height

function directly to calculate a normal vector and mean curvature, the height function can

be used to select three sample points. Specifically, in each of the three columns i = −1, 0, 1,

the height function F (i) selects a cell Ci = (i, ⌊F (i)⌋) and a fraction ri = F (i) − ⌊F (i)⌋

within that cell. The fraction ri is used to pick a point in the quadrilateral Ψ(Ci) with

vertices v11, v12, v21, v22, by xi =
ri
2 (v11+v12)+

1−ri
2 (v21+v22). The three points x−1, x0, x1

lie in a unique circle, whose radius of curvature can be calculated directly by inverting a

2x2 matrix. This method was implemented and evaluated extensively in PISALE [47],

displaying first-order convergence even on some meshes with strong nonlinearities.
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Figure 4.1: Plots of relative error in the estimated curvature of a circle measured at different

refinement levels (cpr = cells per radius) for the osculating circle method, showing a clear

first-order convergence in the curvature with respect to mesh refinement (left) and higher

order convergence with respect to improvement of the VOF field (right), which is measured

by the number of sides used to approximate a circle with a polygon when constructing the

volume of fluid field.

Figure 4.2: Plots of absolute error in the estimated normal vector of a circle for both the

gradient-based method and the osculating circle based method, showing the osculating

circles method has first-order convergence with respect to mesh width (left) while the

gradient-based method does not, and neither method has convergence strongly dependent

on the volume of fluid field accuracy (right).

119



Figure 4.3: Top: Simulation setup for a non-conformal, nonlinear mesh test, approximating

the curvature and normal vector of a circular droplet suspended in vacuum. Cells colored

black are inside the droplet while cells colored white are outside the droplet.

Bottom Left: Approximate curvature vectors using polynomial interpolation for curvature

and gradients for the normal vector.

Bottom Right: Approximate curvature vectors using osculating circle interpolation for both

curvature and the normal vector.
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Chapter 5

Appendices

5.1 Appendix A: Blow-Ups

Here we will provide a rapid overview of some key concepts that we have used, some of

which are nonstandard. The primary reference for the term “blow-up” as we have used it

is [5], although the concept was introduced earlier in at least [48].

What we will call a Blow-Up of a compact polyhedral manifold, called BM , is any

compact polyhedral manifold of the same dimension as M possessing a continuous onto

map of polyhedral manifolds Φ : BM →M such that:

1. Φ|B̊M
: B̊M → M̊ is a diffeomorphism.

2. For all d > 0, the preimage of the relative interior of a codimension-d face ∆d of M

is the relative interior of a codimension-1 face ∆̂d of BM , and all codimension-1 faces

of BM are obtained this way.

3. Φ|Φ−1 (̊e) : Φ
−1(̊e) → e̊ is a diffeomorphism for each codimension-1 face e ⊂ ∂M .

4. Φ|Φ−1(∆̊d)
: Φ−1(∆̊d) → ∆̊d is a smooth submersion for each codimension-d face

∆d ⊂ ∂M , 0 < d ≤ n.
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5. Two codimension-1 faces ∆̂d, ∆̂d′ of BM have non-empty intersection if and only if

∆d ⊆ ∆d′ or ∆d′ ⊆ ∆d.

IfM is oriented, then we also require that BM is oriented and Φ is an orientation-preserving

map.

The easiest example of a polyhedral manifold with a blow-up is the standard unit n-

simplex. Intuitively, the blow-up is the result of intersecting a new half-hyperplane for each

d-face, 0 ≤ d < n, essentially “cutting off” corners, and defining the map Φ by contracting

the newly created faces to the original d-faces. The process of cutting off corners is known

as omnitruncation, and for a simplex it produces a permutahedron.

Actually writing down an explicit blow-down map between polytopes seems to be quite

difficult; we are aware of [46] where a map from the blown-up simplex (the permutahedron)

to the simplex is constructed that has all the needed properties, although only its inverse

can be written down explicitly.

5.2 Appendix B: Relationship with Existing Formulas

The following proposition shows that the distributional curvature defined in (2.22) is equiv-

alent to the equation for the densitized distributional curvature defined by other authors,

with a slightly different test space.

Proposition 1. Let f be a compatible frame and let ϕ̂ be a skew-symmetric, compati-

ble End(TM)-valued (n − 2)-form. Then we can define a (0, 4)-tensor A(X,Y, Z,W ) :=

(−1)n⟨⋆ϕ(X,Y )W,Z⟩. Then, using notation from this paper on the left side and notation

from [32] on the right side, the following are true at each point of T̊ , e̊, and p̊ respectively:

⟨R̂ ∧ ϕ̂⟩ = 1

2
⟨R, A⟩ωT , (5.1)

⟨ÎITe ∧ i∗e̊ϕ̂|T ⟩ = −2⟨IIν⃗T , AF ν̂ν̂F ⟩ωT
e , (5.2)

⟨Θ̂T
p ∧ i∗p̊ϕ̂T ⟩ = 2ΘpAµ̂ν̂ν̂µ̂ωp. (5.3)
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In addition, AF ν̂ν̂F is well-defined on e̊. To be specific, ωT
e is the induced volume form

from the orientation of T on e, and ωp is the induced volume form from the orientation of

e on T where e is the side such that ET
p,e has an inwards-pointing normal vector.

Proof. The proof strategy for all three statements is to express the left-hand side in an

appropriate basis and compute. For convenience, we’ll use upper indices to refer to the

coframe of a corresponding frame. So for instance, {Ei
e}ni=1 is the coframe on e defined by

Ei
e(Eej) = δij .

To prove (5.1) we let ϕijkl := (−1)n⟨⋆ϕ̂(fk, fl)fj , fi⟩ = A(fk, fl, fi, fj), so ϕ̂ = 1
2ϕ

i
jklfi⊗

f j ⊗ ⋆(fk ∧ f l), and also write R̂ = 1
2R̂(fc, fd) ⊗ (f c ∧ fd). Note that these are not basis

expansions for these forms, for instance the expression for ϕ̂ includes a fi ⊗ f j ⊗ ⋆(fk ∧ f l)

term and a fi⊗f j⊗⋆(f l∧fk) term for each i, j, k, l (hence the 1
2 factor). Then we compute:

⟨R̂ ∧ ϕ̂⟩ = 1

4
⟨R̂(fc, fd), ϕijklfi ⊗ f j⟩f c ∧ fd ∧ ⋆(fk ∧ f l)

=
1

4

∑
k,l

[
⟨R̂(fk, fl), ϕijklfi ⊗ f j⟩ − ⟨R̂(fl, fk), ϕijklfi ⊗ f j⟩

]
ωT

=
1

2

∑
j,k,l

⟨R̂(fk, fl)fi, fj⟩TϕijklωT

=
1

2

∑
i,j,k,l

⟨R̂(fk, fl)fi, fj⟩TA(fk, fl, fi, fj)ωT =
1

2
⟨R, A⟩ωT .

To prove (5.2), we will use the shorthand ET
i = (ET

e )i, where E
T
e is the orthonormal

frame adapted to e using notation from this paper. Without the superscript T , Ei is

implicitly one of the first n − 1 entries of ET
e which do not depend on T . Let ϕijkl :=

(−1)n⟨⋆T ϕ̂|T (ET
k , E

T
l )E

T
j , E

T
i ⟩T = A|T (ET

k , E
T
l , E

T
i , E

T
j ) so again ϕ̂ = 1

2ϕ
i
jklE

T
i ⊗ EjT ⊗

⋆T (E
kT ∧ ElT ). Then we compute:

⟨ÎITe ∧ i∗e̊ϕ̂|T ⟩ =
1

2
⟨ÎITe (Em), ϕijklE

T
i ⊗ EjT ⟩Em ∧ i∗e̊ ⋆T (EkT ∧ ElT ).
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Here we need to use the fact that

i∗e̊ ⋆T (EkT ∧ ElT ) =


0 if k, l ̸= n,

− ⋆e E
kT if l = n, k ̸= n

⋆eE
lT if k = n, l ̸= n

where ⋆e means the Hodge star operator in the codimension-1 polytope e with the orienta-

tion induced by the orientation of T . This can be verified using the formula for the Hodge

star in an orthonormal coframe along with the fact that the volume form induced on e

from the orientation on T is ωT
e = i∗e̊(E

T
n ⌟ωT ). Then the previous line simplifies to

1

2
⟨ÎITe (Em), ϕijklE

T
i ⊗ EjT ⟩Em ∧ i∗e̊ ⋆T (EkT ∧ ElT )

= −1

2

[∑
k

⟨ÎITe (Ek), ϕ
i
jknE

T
i ⊗ EjT ⟩ −

∑
l

⟨ÎITe (El), ϕ
i
jnlE

T
i ⊗ EjT ⟩

]
ωT
e

= −
∑
k

⟨ÎITe (Ek), ϕ
i
jknE

T
i ⊗ EjT ⟩ωT

e

= −
∑
j,k

⟨ÎITe (Ek)E
T
i , E

T
j ⟩TϕijknωT

e .

Now we use the definition that

⟨ÎITe (Ek)E
T
i , E

T
j ⟩T :=


0 if i, j ̸= n,

⟨∇T
Ek
ET

i , E
T
j ⟩T if i = n or j = n,

and abandon Einstein notation to avoid confusion about the n indices, so the previous line
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is equal to

−
∑
i,j,k

⟨ÎITe (Ek)E
T
i , E

T
j ⟩TϕijknωT

e

= −
∑
j,k

[
⟨∇T

Ek
ET

n , Ej⟩Tϕnjkn +
∑
i,k

⟨∇T
Ek
Ei, E

T
n ⟩Tϕinkn

]
ωT
e

= −
∑
j,k

[
− ⟨∇T

Ek
ET

n , Ej⟩Tϕjnkn + ⟨∇T
Ek
Ej , E

T
n ⟩Tϕ

j
nkn

]
ωT
e

= −2
∑
j,k

⟨∇T
Ek
Ej , E

T
n ⟩Tϕ

j
nknω

T
e

= 2
∑
j,k

IIν⃗
T
(Ek, Ej)A|T (Ek, E

T
n , Ej , E

T
n )ω

T
e = −2⟨IIν⃗T , AF ν̂ν̂F ⟩ωT

e .

(Recall that in [32], ν⃗T is the inward-pointing normal vector, whereas ET
n is the outward-

pointing normal vector.)

We still need to show that AF ν̂ν̂F is well-defined. Assume that T is the side of e = T∩T ′

such that ET
e is positively oriented. Then we have

AF ν̂ν̂F (Ei, Ej)|T = (−1)n⟨⋆T ϕ̂|T (Ei, E
T
n )Ej , E

T
n ⟩T

= (−1)i−1⟨ϕ̂|T (E1, . . . , Êi, . . . En−1)Ej , E
T
n ⟩T

= (−1)i−1[i∗e̊ϕ̂|T (E1, . . . , Êi, . . . , En−1)]ET
e

n

j

= (−1)i−1Ad

I 0

0 −1

([i∗e̊ϕ̂|T ′(E1, . . . , Êi, . . . , En−1)]ET ′
e

)n
j

= (−1)i[i∗e̊ϕ̂|T ′(E1, . . . , Êi, . . . , En−1)]ET ′
e

n

j

= (−1)i⟨ϕ̂|T ′(E1, . . . , Êi, . . . , En−1)Ej , E
T ′
n ⟩T ′ .

The notation Êi above means the ith vector is skipped. Here we need to apply the fact that

the frame ET ′
e is negatively oriented on M , so that

⋆T ′ ϕ̂|T ′(Ei, E
T ′
n ) = (−1)n+iϕ̂|T ′(E1, . . . , Êi, . . . , En−1). This shows thatAF ν̂ν̂F |T ′ = AF ν̂ν̂F |T .

To prove (5.3), we will use the shorthand τTi = (ET
p,e)i, where E

T
p,e is the positively

oriented orthonormal frame adapted to p using notation from this paper, and e ⊃ p is the
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facet for which τn = −n⃗T . Without the superscript T , τi is implicitly one of the first n− 2

entries of ET
p,e which do not depend on e or T . Let ϕijkl := (−1)n⟨⋆ϕ̂|T,e(τTk , τTl )τTj , τ

T
i ⟩T =

A|T,e(τTk , τTl , τTi , τTj ), so again ϕ̂|T,e = 1
2ϕ

i
jklτ

T
i ⊗ τ j

T ⊗ ⋆(τk
T ∧ τ lT ).

Here, because ϕ̂|T and A|T are both discontinuous on p̊, care needs to be taken about

which of the “representatives” we use to evaluate ϕijkl. We used the notation ϕ̂|T,e to refer

to the value of ϕ̂|T that is continuously extended from e̊, i.e. ϕ̂|T,e(x) = limm→∞ ϕ̂|T (xm)

where xm is any sequence of points in e̊ that converge to x ∈ p, and likewise for A. This

choice means that i∗p̊ϕ̂|T,e = χT
0,p

∗
ϕ̂T , although as discussed at the end of Subsection 2.2.5,

the product we are evaluating ultimately does not depend on this choice.

Then we compute (abandoning Einstein notation):

⟨Θ̂T
p ∧ χT

0,p
∗
ϕ̂T ⟩ = 1

2
Θp

∑
i,j,k,l

⟨τTn ⊗ τn−1T − τTn−1 ⊗ τnT , ϕijklτ
T
i ⊗ τ j

T ⟩i∗p̊ ⋆ (τk
T ∧ τ lT )

Note that, because τTn = −n⃗T ,

i∗p̊ ⋆ (τ
kT ∧ τ lT ) =


−ωp if k = n− 1, l = n,

ωp if k = n, l = n− 1,

0 otherwise,

where ωp = −τ1 ∧ · · · ∧ τn−2 is the volume form induced on p by the orientation of e. So

this simplifies to

126



1

2
Θp

∑
i,j,k,l

⟨τTn ⊗ τn−1T − τTn−1 ⊗ τnT , ϕijklτ
T
i ⊗ τ j

T ⟩i∗p̊ ⋆ (τk
T ∧ τ lT )

=
1

2
Θp

∑
i,j

⟨τTn ⊗ τn−1T − τTn−1 ⊗ τnT , [ϕij,n,n−1 − ϕij,n−1,n]τ
T
i ⊗ τ j

T ⟩ωp

= Θp

∑
i,j

⟨τn ⊗ τn−1T − τn−1 ⊗ τnT , ϕij,n,n−1τ
T
i ⊗ τ j

T ⟩ωp

= Θp

∑
i,j

(δjnδ
n−1
i − δjn−1δ

n
i )ϕ

i
j,n,n−1ωp

= Θp(ϕ
n−1
n,n,n−1 − ϕnn−1,n,n−1)ωp

= 2Θpϕ
n−1
n,n,n−1ωp = 2ΘpA|T,e(τTn , τTn−1, τ

T
n−1, τ

T
n )ωp = 2ΘpAµ̂ν̂ν̂µ̂ωp.

Corollary 5. Let ϕ̂ ∈ A(f, T ,M) and let A be defined as in Proposition 1. Then, using

notation from this paper on the left side and notation from [32] on the right side,

⟨⟨R̂dist, ϕ̂⟩⟩ =
1

2
R̃ω(A)

Proof. The only term which is not straightforward from Proposition 1 and the definition

of R̃ω in [32, p. 11] is the term involving the jump in second fundamental form across

codimension-1 interfaces.

In R̂dist, the jump term is given by

−
∫
e̊
⟨ÎITe ∧ i∗e̊ϕ̂T ⟩ − ⟨ÎIT

′

e ∧ i∗e̊ϕ̂T
′⟩,

where the orientation of the integral is chosen to be the same as the induced orientation

on e from T . Per equation (5.2), this is the same as

2

∫
e̊
⟨IIν⃗T , AF ν̂ν̂F ⟩ωT

e − ⟨IIν⃗T
′
, AF ν̂ν̂F ⟩ωT ′

e .
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Next we note that ωT ′
e = −ωT

e because the two induced orientations are opposite, so

this term simply becomes

2

∫
e̊
⟨IIν⃗T + IIν⃗

T ′
, AF ν̂ν̂F ⟩ωT

e = 2

∫
e̊
⟨[[II]], AF ν̂ν̂F ⟩ωe

Note that we can drop the superscript on ωT
e because ωe is implicitly the volume form

induced by whatever orientation the integral is being evaluated with.
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